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Abstract 

In this dissertation, we prove a number of results regarding the conformal method of hnding 
solutions to the Einstein constraint equations. These results include necessary and suffi¬ 
cient conditions for the Lichnerowicz equation to have solutions, global supersolutions which 
guarantee solutions to the conformal constraint equations for near-constant-mean-curvature 
(near-CMC) data as well as for far-from-CMC data, a proof of the limit equation criterion in 
the near-CMC case, as well as a model problem on the relationship between the asymptotic 
constants of solutions and the ADM mass. We also prove a characterization of the Yamabe 
classes on asymptotically Euclidean manifolds and resolve the (conformally) prescribed scalar 
curvature problem on asymptotically Euclidean manifolds for the case of nonpositive scalar 
curvatures. 

Many, though not all, of the results in this dissertation have been previously published 
in |Dill4] . |DIMM14] . |DL14] . |DM15] . and |DGI15] . This article is the author’s Ph.D. 
dissertation, except for a few minor changes. 












Chapter 1 
Introduction 


General relativity, Albert Einstein’s theory of gravity, has proven remarkably successful in 
describing the universe from planetary to intergalactic scales. In this theory, Einstein made 
the surprising claim that gravity is equivalent to the curvature of space [EinlSbj . In other 
words, mass and energy bend and stretch space itself. 

In our solar system, the stretching is very slight; even passing over the surface of the sun, 
the error is much less than one percent. However, this slight stretching has been conhrmed by 
numerous tests. The hrst physical conhrmation was the orbit of Mercury. The oval orbit of 
mercury precesses (rotates) by a small amount each year. However, the observed precession 
is about eight percent greater than Newtonian gravity predicts. By taking into account the 
stretching of space, Einstein |Einl5aj correctly explained the observed precession. 

Some other conhrmations of the accuracy of general relativity include the bending of light 
in gravitational helds, the gravitational red-shift effect, and the Shapiro time delay. General 
relativity has become the most accurate theory of gravity known. It has led to remarkable 
technologies, such as GPS, and remarkable physical predictions, such as the Big Bang and 
black holes, cf. |Wal84j . 

In general relativity, the universe is described by a Lorentzian manifold, called a space- 
time. Vectors in the spacetime with positive inner product represent space-like directions, 
while those with negative inner product represent time-like directions. Those with zero in¬ 
ner product can be interpreted as the directions that light can travel. As mentioned earlier, 
mass and energy stretch spacetime itself. This is represented by the equations of general 
relativity: 




( 1 . 1 ) 


Here, 7 ^ 1 , is the metric, and R are the Ricci and scalar curvatures respectively, A is the 
cosmological constant and k is a constant depending on the units chosen. In what follows, 
we choose units such that k = 1. The tensor is the stress-energy tensor, which combines 
both mass and energy into one object. 

While easy to write down, the Einstein equations fll.ip are not easy to solve. Minkowski 
space, M"' equipped with a flat Lorentzian metric, solves them trivially. The hrst non¬ 
trivial exact example is the Schwarzschild solution. This solution is spherically symmetric in 
spatial (spacelike) directions, and describes the space surrounding a star. For many years, 
general relativity was a business of Ending special, symmetric solutions to the Einstein 
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equations. Many of these are quite important, such as the Kerr metric, which generalizes 
the Schwarzschild metric to allow rotation and represents, it is thought, the end state of black 
holes, and the FLRW metric, a family of spatially homogeneous and isotropic solutions that 
are the basis of the Big Bang and the standard model of cosmology. See |Wal84] for more 
information on these solutions. 

In most scientihc theories, one wants to be able to specify initial conditions, such as the 
location of particles and their momenta, and then evolve the system to predict where the 
particles will be in the future. This is called the initial value problem. It took about forty 
years before the initial value problem for general relativity was put on a hrm theoretical 
footing. 

In Newtonian physics, the initial data of particles and their momenta is freely specihable. 
This is not the case in general relativity. In general relativity, initial data is (usually) given on 
a Riemannian spatial submanifold of the spacetime. Using the Gauss and Codazzi equations, 
one can reduce the Einstein equations fll.lj) on the submanifold to the Einstein constraint 
equations. 


Rg + {tigKf - \K\l = Tnn, (1.2a) 

VgKij - Vj{iigK) = 2Tin, (1.2b) 

where g is the induced Riemannian metric, K is the second fundamental form, n is the unit 
normal direction, and latin indices indicate spatial directions. Equation fll.2al) is known as 
the Hamiltonian constraint while equation fll.2bjl is known as the momentum constraint. A 
standard reference on these equations is [BI04] . 

The constraint equations fll.2p must hold on any spatial submanifold of a spacetime 
satisfying the Einstein equations fll.ip . In 1952, Yvonne Choquet-Bruhat |FB52j proved 
the converse: given a Riemannian manifold (M, g) and a symmetric 2-tensor K, there is a 
spacetime satisfying the Einstein equations fll.ip where (M, g) is a submanifold and K is the 
second fundamental form of this submanifold. Later, Choquet-Bruhat and Robert Geroch 
[GBG69] proved the existence of an appropriate “maximal” spacetime containing {M,g), 
called the maximal globally hyperbolic development. 

Due to these results, instead of trying to hnd and classify all solutions of the Einstein 
equations, one may instead hnd and classify the solutions of the constraint equations. In 
addition, the initial value problem is vital in Ending solutions in complicated situations, such 
as inspiraling binary black holes; exact solutions are difficult, if not impossible, to hnd, but 
computers can approximate these solutions using the initial value formulation. 

Thus one would like to understand the full set of solutions to the constraint equations 
fll.2p . and, in particular, to parameterize this set. The constraint equations are an underde¬ 
termined system of elliptic PDEs. Roughly speaking, for an n dimensional spacetime, there 
are n functions determined by the constraint equations, while the rest of the data is freely 
specihable. However, it is not immediately obvious which of the quantities or components 
of tensors we should attempt to specify and which we should attempt to solve for. A useful 
decomposition of the data is needed. One of the most useful decompositions is known as the 
conformal method. 
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1.1 The Conformal Method 


The conformal method was developed by Lichnerowicz, Choquet-Bruhat, and York in order 
to parameterize all the solutions of the constraint equations fll.2p . To date it has been the 
most successful method in doing so. 

The main idea behind the conformal method, as described in the previous section, is 
to decompose the initial data into freely specihable and determined data. Over the years, 
several variations of the conformal method have been introduced, which did not appear to be 
equivalent. Fortunately, David Maxwell |Maxl4a] recently showed that all of the conformal 
methods lead to the same set of solutions, and so are effectively equivalent. Indeed, there 
is a straightforward transformation of the specihable data from any of the methods to data 
from any of the others. Because of this, we present and use the method that appears to have 
the most advantages, which Maxwell refers to as the “conformal thin sandwich-Hamiltonian” 
formulation, or CTS-H for short. 

In this method, the initial data consists not only of a Riemannian manifold (M, 'g) and a 
symmetric 2-tensor K, but also of a function N, called the lapse function. When solving for 
the complete spacetime, the lapse function controls the relative length of the unit normal 
to the submanifold and the coordinate vector dt- However, the N found via the conformal 
method need not be used in hnding the spacetime; it is called the lapse function due to the 
derivation of the CTS formulations. 

In the CTS-H formulation of Einstein’s theory with matter sources, one hrst specihes a 
manifold M and a background metric g. One then chooses functions r, r, a function iV > 0 
going to 1 at inhnity, a vector held J, and a transverse-traceless (i.e., divergence-free and 
trace-free) symmetric 2-tensor a. We call {g, r, Y, cr, r, J) the “seed data.” One then seeks a 
function 0 > 0 and a vector held W solving the conformal constraint equations: 

2 

= 0 (1.3a) 

div^^LW = + J. (1.3b) 

Here, all quantities and operators are calculated relative to g, q = k = a = 
and L is the conformal Killing operator, dehned by 

LWab = VaW, + - -VcW^gab. (1.4) 

n 

We refer to Equation (ll.dah as the Lichnerowicz equation, while equation fll.3bp is called the 
vector equation. The system is also called the LCBY (Lichnerowicz-Choquet-Bruhat-York) 
equations. 

Once (0, W) is found, the initial data solving fll.2p is reconstructed as follows: 

9ab = (1.5) 

Kab = 0"^ (^(Tab + + ~^3ab, (1-6) 

Tnn = 0-i^+V, (1.7) 

T,n = ( 1 . 8 ) 


-aA0 -|- R(j) + KT (j)' 
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We make several notes on this. First, given 0, York [Yor73j proved that such a decomposition 
of K exists and is unique. Indeed the decomposition is L‘^{M) orthogonal, i.e., 

[ {a,LW) = 0, (1.9) 

J M 

though they are not in general orthogonal pointwise. Next, note that r = tigK. Thus r 
represents the mean curvature of the initial data. Also, though we could allow r < 0 , this 
represents a negative energy density. For the rest of the thesis we assume the weak energy 
condition, which in this case is equivalent to saying that r > 0 . 

Finally, note that the metric g was, in the end, only specihed up to a conformal factor. 
Perhaps the greatest strength of the CTS-H formulation over the other formulations of the 
conformal method is that it is conformally covariant. Specihcally, we have the following 
proposition, as proven in |Maxl4a| Prop 6.4]. 

Proposition 1.1.1. Let {g,T, N,a,r, J) be CTS-H seed data, and let 'll: be a smooth pos¬ 
itive function. Then (0, W) solve the conformal constraint equations fll.Sp for the data 
{g,T, N,a,r, J) if and only if (0“^0, IF) solve the conformal constraint equations for the 
data 

{tjj'^~'^g, T, (1-10) 

Both yield the same solution {'g, K) of the constraint equations. 

As a consequence of this, when we attempt to hnd solutions to the conformal constraint 
equations, we can, without loss of generality, do all calculations with respect to any con¬ 
venient representative ^ G [^^j. Usually we use this freedom to choose a representative with 
convenient scalar curvature. In the more traditional conformal method, the corresponding 
conformal constraint equations (essentially fll.Sp with N = ^) are not conformally covariant. 

The Lichnerowicz equation fll.3ap is a semilinear elliptic PDF. If a + ^LlF,r = 0, the 
Lichnerowicz equation becomes the (conformally) prescribed scalar curvature equation. In 
particular, if 0 solves fll.3ap with a + ^LW,r = 0, then the scalar curvature of (j)'^~‘^g is 
—KT^. The prescribed scalar curvature problem is closely related to the solvability of the 
Lichnerowicz equation (and the conformal constraint equations overall) as we see below. 

The vector equation fll.3bp is a linear elliptic PDF. In the absence of conformal Killing 
helds, the vector equation is completely understood. However, in the presence of conformal 
Killing helds, it is not well understood. A conformal Killing held V is one such that LV = 0, 
and represents a symmetry of some conformally related metric. On a compact manifold, in 
the vacuum case (i.e., (r, J) = 0), 

= J dr) 

by integration by parts. (The adjoint of L is —2div.) Thus must be orthogonal to 
all conformal Killing helds for there to be a solution IF to the vector equation fll.3bp . In the 
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case dr = 0, i.e., the constant mean curvature (CMC) case, this is not a problem. However, 
in general, since 0 is also unknown, this is a serious complication. The “drift formulation” by 
Maxwell |Maxl5b] . described below in Section lim is an extension of the CTS-H formulation 
that, among other things, attempts to resolve this problem. In this thesis, we assume that 
the metric does not allow any conformal Killing helds. Fortunately, it is well known |BCS05] 
that generic metrics do not admit any conformal Killing helds. 

Earlier, we described the CTS-H conformal method as splitting the initial data into freely 
specihable and determined data. This is not precisely the case. For instance, on a compact 
manifold, if r is a constant, then the solution to the vector equation is hF = 0. If, in addition, 
i? > 0 and cr, r = 0, the maximum principle implies that the Lichnerowicz equation fll.3ap has 
no positive solution. Thus the seed data is not freely specihable. The goal, then, becomes 
to determine which seed data sets lead to (a hopefully unique) solution of the conformal 
constraint equations. If fully understood, this leads to a parameterization of the solutions 
to the constraint equations fll.2p . The case that is most fully understood is the case where 
M is a compact manifold without boundary. 


1.2 The Compact Case 


The simplest case is the constant mean curvature case, i.e., when dr = 0. In this case, the 
conformal constraint equations fll.dp decouple. If J is orthogonal to any conformal Killing 
helds, the vector equation (ll.3bp has a solution, and W is not dependent on <p. Thus we can 
reduce the conformal constraint equations to a single equation: 

— aA0 -|- R(p + = 0 (1-12) 


where (3 =\a + i^LW\. 

As before, the sign of the scalar curvature R ahects whether or not equation fll.l2p has 
any solutions. This leads us to the Yamabe problem. The Yamabe problem asks whether a 
metric can be conformally transformed to one with constant scalar curvature. The answer is 
yes (cf. |LP87j h with the sign of the target scalar curvature being prescribed by a conformal 
invariant called the Yamabe invariant. The Yamabe invariant of a metric, Y{g), is dehned 
by 


Yig) := inf 

ueC°°(M),u^0 


jMa\Vu\^ + Ru^ 


\u 


(1.13) 


If Y{g) > 0, we say g is Yamabe positive, and similar for Yamabe null and negative. The 
resolution of the Yamabe problem says that g is Yamabe positive if and only if g can be 
conformally transformed to a metric with constant positive scalar curvature, and similar 
statements hold for Yamabe null and negative metrics. Since the CTS-H method is conform¬ 
ally covariant (cf. Proposition ll.l.ip . we can assume the scalar curvature R is constant of 
the appropriate sign. 

For compact manifolds, the CMC case (with r = 0) was completed by Jim Isenberg in 
|Ise95] . The case r > 0 is proven essentially the same way, and so we include it here also. 
The solvability of equation fll.l2p is detailed in Table 11.11 

In all cases the solution 0 to equation fll.l2p is unique, except in the case Y{g) = 0, 
r = 0 and /9,r = 0 (marked with a *), in which case there is a one parameter homothety 
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Table 1.1: Solvability of the CMC Conformal Constraint Equations 



r = 0,/9,r = 0 

o 

o' 

r ^ 0,/3,r = 0 

r ^ 0,/3,r ^ 0 

Y{g) > 0 

No 

Yes 

No 

Yes 

Y{g) = 0 

Yes* 

No 

No 

Yes 

Y{g) < 0 

No 

No 

Yes 

Yes 


family of solutions, namely 0 G This gives a complete parameterization of the CMC 
solutions of the constraint equations (II.2p . cf. |Ise87] . Similar results have been found for 
other topologies and asymptotic conditions. 

If every spacetime could be evolved from CMC initial data, Isenberg’s work would be 
enough to parameterize the solutions of the Einstein equations. Unfortunately, not all space- 
times can be obtained this way, as proved in |CIPn5] . It is not known whether or not generic 
spacetimes can be obtained from CMC initial data. Thus for a complete parameterization 
of solutions to the Einstein equations, we must consider the conformal constraint equations 
with generic mean curvature r. 

We hrst consider the Lichnerowicz equation fll.3ap . Unsurprisingly, the solvability of the 
Lichnerowicz equation mirrors the solvability of the CMC conformal constraint problem as 
tabulated in Table [LT| but with one caveat. On a compact manifold, if Y{g) < 0, the 
Lichnerowicz equation has a solution if and only if g can be conformally transformed to a 
metric with scalar curvature For > 0, this is always true. For r with zeroes, the 

solvability is discussed in |Rau95] . [DM15j and Chapter 0] below. This problem is completely 
understood. 

Excepting that caveat, one might expect the solvability of the generic conformal con¬ 
straint equations to mirror that of the CMC case, as shown in Table 11.21 

Table 1.2: Hypothesized Solvability of the Conformal Constraint Equations 



-s 

III 

O 

r ^ 0,/3,r ^ 0 

Y{g) > 0 

No 

Yes 

Y{g) = 0 

No 

Yes 

Y{g) < 0 

Yes 

Yes 


For nearly CMC data, this solvability is realized, at least in the case where there are no 
conformal Killing helds. The near-CMC conditions typically come in two flavors. If r is a 
constant for which the CMC conformal constraint equations have a solution, then the inverse 
function theorem can be used to show that any nearby r (in also leads to a solution. 

In the second case, the condition is that ||(ir||p is sufficiently small compared to inf r. Using 
these types of conditions, the Yamabe negative near-CMC case was set tled in 1996 |IM96] , 
the nonexistence cases for Yamabe nonnegative metrics in 2004 |l6M04j . and the remaining 
cases in 2008 |ACI08j . (These results prove results for manifolds with scalar curvature of a 
strict sign; Maxwell’s conformal covariance of the CTS-H formulation |Maxl4a] is needed to 
make them apply to the entire Yamabe classes.) All of these results rely on there being no 
conformal Killing helds, for the reasons discussed above. 

The only generic result known for the arbitrary mean curvature case was proven by Holst, 
Nagy, and Tsogtgerel |HNT09j . then improved by Maxwell |Max09j . This result essentially 
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says that on a Yamabe positive compact manifold, given an arbitrary r, if a, r, and J are 
small enough, then the conformal constraint equations fll.31) have a (not necessarily unique) 
solution. More recently, however, Nguyen |Ngul4| showed that all such solutions are merely 
rescalings of perturbations off of the maximal (r = 0) case. We discuss this in Corollary 
15.2.71 Thus the only generic far-from-CMC result known is, essentially, a near-CMC result. 

Another attempted method to hnd solutions to the conformal constraint equations is the 
“limit equation” criterion. First explored by Dahl, Gicquaud, and Humbert |DGH12j . this 
method says that either the conformal constraint equations or the limit equation 


1 (]t 

div—W = a„y^|W|— (1.14) 

(for some ckq G (0,1]) have a (nontrivial) solution. As was suspected, Nguyen recently showed 
|Ngul4| that both can in fact have solutions. 

The limit equation was originally found via a subcriticality argument. If the exponent 
of (f) in the vector equation fll.3bll is reduced by epsilon, the coupling of the conformal 
constraint equations is weak enough so that solutions are relatively simple to hnd. As e —)■ 0, 
if these subcritical solutions are bounded, they must converge to a solution to the conformal 
constraint equations. If they are instead unbounded, it can be shown that they converge to 
a solution of the limit equation fll.l4p . 

The limit equation criterion is that if the limit equation has no solutions, then the 
conformal constraint equations must have a solution. While this method may be used for 
the far-from-CMC case, so far, it has only been used to hnd solutions in the near-CMC case, 
as in jDGH12j . 

In order to better explore the far-from-CMC regime. Maxwell studied a model problem 
with high symmetry [Maxllj . He studied seed data on T"’ with the hat metric, where the 
data depended on only one coordinate (i.e., with symmetry). For some particular 

data, he showed that if r was sufficiently far-from-CMC in some sense, then there were no 
solutions to the conformal constraint equations (in the symmetry class of the data). Given 
such a r, however, if the transverse traceless part of the data were sufficiently small, then 
there were at least two solutions. 

This is in contrast to the CMC and near-CMC case, where solutions are unique. Also, 
the nonexistence for far-from-CMC data is in contradiction with the hypothesized solvability 
described in Table fh^ However, this model problem may be a special case for several reasons. 
First, the background metric is flat, which is known to be a very special case, even in the 
CMC theory. Second, the background metric has conformal Killing helds, which is known to 
be non-generic. Third, the mean curvature function r has jump discontinuities. Finally, the 
non-existence/non-uniqueness only occurs when r changes signs. However, this could also 
represent new phenomena, or, perhaps, limitations of the conformal method. 

Maxwell |Maxl4b] later studied a related problem. On flat T"^, and arbitrary r, again 
with symmetry, he found seed data that led to either flat Kasner or static-toroidal 

solutions of the constraint equations. It was shown that there was in fact a one parameter 
family of solutions to the conformal constraint equations if and only if 


T 


* 


fgi Nrdx 
Ndx 


(1.15) 
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where the integrals are respect to the flat metric. While r* appears to be determined by N 
and r, the reality is more complicated. 

Recall that the CTS-H method is conformally covariant, as described in Proposition II . 1. ll 
However, equation fll.lSp is not conformally covariant. Thus, if we started with arbitrary 
seed data on T” that happened to lead to one of these solutions, we would need to calculate 
T* with respect to the solution metric and not the background metric. In general, then, there 
is no way of determining whether or not a set of seed data leads to a one parameter family 
until after the solution has already been found. This presents serious problems for the goal 
of parameterizing all solutions to the constraint equations fll.2p . since these one parameter 
families are essentially impossible to detect. 


1.3 The Drift Formulation 


In an attempt to avoid the pitfalls for parameterizing solutions to the constraint equations 
described in the last section. Maxwell introduced the drift formulation of the conformal 
method, originally in |Maxl4b] , and expanded in |Maxl5bj . In the standard CTS-H method, 
the mean curvature r is specified in the seed data, and is unchanged by the conformal factor 
found by solving the Lichnerowicz equation (ll.3al) . This, however, makes calculating t* 
impossible without first finding the solution to the conformal constraint equations fll.dp . 

Maxwell’s idea was to specify the constant r* directly, and then define r by adding r* 
to a conformally varying term, given by something he calls a drift, for reasons explained in 
[MaxlSb] . Since r* is specified directly, the one parameter families of solutions described in 
the previous section occur only when r* is specified to be zero. The drift formulation also 
has the advantage of making it possible to And solutions even in the presence of conformal 
Killing fields. 

Though Maxwell introduces several possible ways to construct such r, we discuss only 
one. In this formulation, which he calls CTS-H with volumetric drift, the drift is given 
by a vector held V which is specified up to a conformal Killing held Q. Given seed data 
{g, r*, V, N, a, r, J), one tries to And a solution ((/>, W, Q) to 


—aA(j) -|- R(j) + K 


(v + ^div(^’(V' + Q))] r-' - 

(1.16a) 

^ ^ ^]^div(0'^(l/ + Q))^ + J., 

(1.16b) 




-'^-1 - = 0 


which is the same as fll.Sp . except that we replaced r with 


T := T + 


N 


-div(0‘'(K + g)). 


The data is then reassembled as before, except 


Kab = 


/,-2 


^ab I “I- \ ^ 


2N 


n 


divl^) 


N 


(1.17) 


(1.18) 























where div is the divergence with respect to g. Note that for i/ = 0, this method reduces to 
the CMC CTS-H method. 

The drift method has several advantages over the CTS-H formulation. First, the one 
parameter families found in |Maxl4b] occur if and only if r* = 0. Thus at least that 
obstruction to parameterization is overcome. Also, Maxwell proved |Maxl5bl Thm 10.1] 
that the vector equation fll.lObp has a solution for some Q, even if g has conformal Killing 
helds. Thus it becomes possible to solve the constraint equations in the presence of conformal 
Killing helds. 

However, the drift formulation equations fll.161) are much more complicated analytically. 
For example, in the original vector equation fll.3bp . one can hnd an upper bound on LW 
based on an upper bound for 0. In the drift vector equation, a similar upper bound naively 
requires bounds on ||0|lc2- Perturbation methods, such as those used to produce solutions 
in the CTS-H formulation, are expected to extend to the drift setting [MaxlSaj . Since all 
known generic results for the CTS-H method are near-CMC results, this would show that 
the drift formulation is at least as useful as the CTS-H method. The drift formulation is a 
promising approach to hnding the parameterization of the constraint equations. 


1.4 This Dissertation 


In this dissertation, we discuss the conformal constraint equations, in particular focusing 
on the asymptotically Euclidean (AE) case. In Chapter [2l we introduce AE manifolds and 
the appropriate Banach spaces for analysis, and then discuss elliptic operator theory on AE 
manifolds. Because the vector equation (11.3bll is relatively simple, we discuss its solvability 
in this chapter. This chapter serves as a common introduction to all the subsequent chapters. 

In Chapter [3l we discuss the solvability of the Lichnerowicz equation fll.3ap . In particular, 
we show that the Lichnerowicz equation is solvable if an only if the metric can be conformally 
transformed to one with scalar curvature —We then leverage this result to obtain a 
circumstance where the conformal constraint equations do not admit a solution, and also 
show an example of the blowup of solutions. The results in this chapter will appear in 


|DCI15] . 

In Chapter m we discuss when the prescribed scalar curvature problem from the previous 
chapter has a solution. We give a necessary and sufficient condition for the problem to have 
a solution; namely, that the zero set of the prescribed scalar curvature has positive Yamabe 
invariant, as dehned in this chapter. Because of this problem’s close relation to AE Yamabe 
classes, we also give a characterization of the AE Yamabe classes. This chapter is taken from 


|DM15] . 

In Chapter [5l we prove the existence of solutions for the conformal constraint equations for 
arbitrary mean curvature, assuming the tensor a and the matter terms r and J are sufficiently 
small. We also show existence in the near-CMC case. This part is taken from |DIMM14] . 
We also discuss a new solvability criterion, related to Nguyen’s “local supersolution” from 
|Ngul4| . 

In Chapter [6l we discuss the limit equation criterion for AE manifolds. Unfortunately, 
we only show that the solution of the limit equation is nontrivial in the near-CMC case. We 
show that arbitrarily near-CMC data, in the sense required, does not ever occur. This is 
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unpublished joint work with Romain Gicquaud and Jim Isenberg. 

In Chapter [TJ we discuss the relation of the ADM mass to the asymptotics of the solution 
of the conformal constraint equations fll.jp . We then present a model problem for this 
relation, which shows that the ADM mass is not monotonically dependent on the asymptotics 
of the solution. 
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Chapter 2 

Asymptotically Euclidean Manifolds 


Perhaps the simplest solution to the Einstein constraint equations fll.ip is Euclidean space, 
with the second fundamental form K and stress-energy tensor T vanishing. Physically this 
represents space with no matter and no tidal forces. Heuristically, far from any mass and 
energy, space should become more and more like Euclidean space. Far from any star, gravity 
becomes very weak. Mathematically, this kind of initial data is represented by asymptotically 
Euclidean (AE) manifolds. 

A manifold is called asymptotically Euclidean (AE) if there exists a compact set 

K G M such that M \ A is a (hnite) collection of components E*, each diffeomorphic to the 
exterior of a ball in Euclidean space, M"' \ and on each end, g is asymptotic to the 

Euclidean metric gEuc- The Ei are called the ends of M. 

In order to be precise, we must hrst dehne appropriate weighted Sobolev and Holder 
norms. First, £x a Euclidean coordinate system on each end, i.e., a distinguished diffeo- 
morphism from to M"" \ 5/^(0). Let p > 1 be a smooth function which agrees with the 
radial coordinate on each end. We say a function / G if 

^ < oo, (2.1) 

lil<« 


where j is a multi-index, and is calculated with respect to a frame agreeing with the 
Euclidean frame on each end. We denote this quantity by ||/||without the (M) if 
the domain is understood. If s = 0, we denote the space as L^{M) and the norm as ||/||p, 5 . 
To extend this space and norm to tensors, we require the same regularity and decay for each 
component of the tensor with respect to the Euclidean frame in the background Euclidean 
metric gEuc- Note that our convention on 6 is chosen such that / G implies that, 

using the little-o notation, / is o{p^); other conventions exist in the literature. 

For a G [0,1], we say a function / G if 

sup {|VV|p'^'-yV*/lB;„p’-q <<X., (2.2) 

B,\j\<s 

where the supremum is over all balls B G M of unit radius, and [•]B;a is the Holder seminorm 
on that ball. We denote Cg’^{M) by Cg{M) for simplicity. We extend this space to tensors 
similarly. 
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We then say that g is a. AE manifold if h < 0 and 


glsi— 9 euc £ 


(2.3) 


on each end Ei. We similarly dehne (71’“ AE manifolds. 

We state some basic properties of these spaces in the following two propositions, the hrst 
of which is taken from [MaxOhl Lemma 1]: 

Proposition 2.0.1 (Properties of Weighted Sobolev Spaces). The following properties hold 
for the weighted Sobolev spaces defined by (12.Ih .- 

T If P > g and S' < S then C L\ and the inclusion is continuous. 

2. For s > 1 and S' < S the inclusion Wf,’^ C is compact. 

3. If s < n/p then C LJ where r = np/{n — sp). If s = n/p then C LJ for all 

r > p. If s > n/p then C (7°. These inclusions are continuous, and the last is 
compact. 

4- If'oa < niin(j, s), p < q, e > 0 , and m < j + s — n/q, then multiplication is a continuous 
bilinear map from x to e > 0. In particular, if s > n/p and 

5 < 0 , then is an algebra. 


Proposition 2.0.2 (Properties of Weighted Holder Spaces). The following properties hold 
for the weighted Holder spaces defined by fl2.2p .■ 

1. If s + a > s' + a', a ^ 1, and S < S' then the inclusion (7|’“ C (7y’“ is continuous. 

2. If s + a > s' + a' and S < S' then the inclusion (7|’“ C (7|,’“ is compact. 

3. Assume s + a < s' + a'. Then multiplication is a continuous bilinear map from (7|’“ x 
(7y’“ to (7|^y. In particular, if S <0, then (7|’“ is an algebra. 

The standard Poincare and Sobolev inequalities on with appropriately chosen weights, 
also hold on AE manifolds, as shown in |DM15( Lem 2.1]. 


Lemma 2.0.3. There exist constants Ci,C 2 such that 


liVnIlp,- n/p ^ Clllnllp 
||Vm ||2 > C 2 \\u\\q 

for allu & u e Wg/^{M) and p G [1, n). 

We refer the reader to [Bar 8 6 ] for further properties of weighted Sobolev spaces. 


(2.4) 

(2.5) 
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2.1 Elliptic Operators 


Elliptic operator theory on AE manifolds is well established, going back at least to |Mc079] . 
For more references, see also |Max05] . |CBIY00] . and appendix C in |CMP12] . While more 
general results are available, we focus our attention on the Laplacian and vector Laplacian. 
The following result is adapted from |DIMM14] . 

Proposition 2.1.1. Suppose {M^,g) is a AE manifold, with s > 2, s > n/p, and 
7 < 0. Suppose V G ■ Let V he either the operator —aA + V or the operator div^L, 

where L is the conformal Killing operator fll.ip . Then for 5 G (2 — n, 0) the operator 

V : (2.6) 


is Fredholm of index zero, and 


Mw-’f < C (||^’a||„,.-J.. + lltilUj,) 


holds for some C > 0, any 6' and all u G . The map fl2.6p is an isomorphism if and 
only ifV has trivial null space in Wf’^. If (12.611 is an isomorphism, then the estimate (12.711 
can be strengthened to 

||M||wf’P < C\\Vu\\^^s-2,p. (2.8) 


Similarly, if (M, g) is a AE manifold, then 


V : Cl’" 


^s—2,a 
'^ 5-2 


(2.9) 


is Fredholm of index zero, with a corresponding a priori estimate. IfV has trivial nullspace 
in then there exists a constant C > 0 such that 

||'w||c|’“ — C||P'U||^s- 2 ,a . ( 2 . 10 ) 

Because Proposition 12.1.11 requires s > 2, and for simplicity, we will assume s = 2 for the 
rest of this paper, unless mentioned otherwise. In other words, g is either a or AE 
manifold. In any case, if G lE®’^ for s > 2 and s > n/p, Sobolev embedding 12.0.11 implies 
that g G with p' > n/2. 

We now prove two maximum principles, taken from |Max05] . 

Proposition 2.1.2 (A Maximum Principle for AE Manifolds). Suppose {M,g) and V are 
as in Proyosition VA. 1. R and suppose E > 0. Suppose u G for some 5 < 0. If 

— aAu + Vu > 0, (2-11) 


then u > 0. 


Proof. Let 


V = {u + e) := min{0, u + e} 


( 2 . 12 ) 


for some e > 0. Since u —)■ 0 on each end, we see that v is compactly supported. By Sobolev 
embedding, v G lE^’^ as well. Since 


alVur = 


-avAu < 


-Vuv < 0, 


>M 


' M 


' M 


we know u > —e. Letting e —)■ 0, we hnd u > 0. 


(2.13) 

□ 
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Proposition 2.1.3 (A Strong Maximum Principle for AE Manifolds). Suppose {M,g) and 
V are as in Proposition \2.1.1[ Suppose u G is nonnegative and satisfies 

— aAu + Vu > 0. (2-14) 

If u{x) = 0 somewhere, then m = 0. 

Proof. Suppose u{x) = 0. The weak Harnack inequality from [Tru73a] applies to u; i.e., for 
some radius R sufficiently small and some exponent q sufficiently large, there exists C > 0 
such that 

ll«IUhB2K(x)) < C inf M = 0. (2.15) 

Br(x) 

Thus u vanishes on a neighborhood of x, and a connectivity argument shows that u = 0. □ 


In order to discuss when the operator V = —aA + E is an isomorphism, we need to first 
discuss the Yamabe invariant. The Yamabe invariant on AE manifolds is defined similarly to 
how it is defined on compact manifolds (cf. Equation fll.l3p h except that the test functions 
must have compact support. Precisely, 


Yig) ■■= 


inf 

uGCg°{M),u^0 


JMa\Vu\^ + Ru^ 
lU/ II2 


( 2 . 16 ) 


where C^{M) represents smooth functions with compact support. As before, we say g is 
Yamabe positive if Y(g) > 0. The Yamabe classes on AE manifolds appear to behave very 
differently than the Yamabe classes on compact manifolds, but they are in fact equivalent 
to each other in some sense. This idea is discussed further in Chapter 01 We now can prove 
the following isomorphism theorem. 


Proposition 2.1.4. The operator —aA + V from Equation fl2.6p is an isomorphism either 
ifV>0 or if V = Rg and g is Yamabe positive. 

No AE manifold allows a conformal Killing field in C|’“. Also, if p > n, no 
AE manifold allows a conformal Killing field in W^’^. Thus the operator div^L is always 
an isomorphism on Cf°‘, and is an isomorphism on if p > n or if the metric admits 
no conformal Killing fields. 


Proof. Suppose Y > 0 and {—aA + V)u = 0. By the maximum principle 12.1.21 u >0 and 
—u > 0. Thus u = 0, and so —aA + Y is an isomorphism. 

Suppose V = Rg and g is Yamabe positive, but that —aA + R is not an isomorphism. 
Then there exists a nontrivial solution u G C solving {—aA + R)u = 0. By Sobolev 
embedding 12.0.11 u G L'^. Integration by parts implies that J a|VMp + Ru^ = 0. Estimating 
u by smooth functions with compact support, we find that Y{g) = 0 (see the definition 
fl2.16p h which is a contradiction. 

The facts about conformal Killing fields are found in |Max05] . That the kernel of div^L 
is the set of conformal Killing fields follows from the calculation fll.lip . □ 

On compact manifolds, the constants are harmonic functions; i.e., they satisfy Au = 0. 
On AE manifolds, the constants are harmonic functions, but in addition, if for each end Ei, 
we specify a constant Ui, there is a unique harmonic function u such that u — Ui E W‘^'^{Ei) 
(cf. |DIMM14l Lem 4.1]). We introduce the following notation. 
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Definition 2.1.5. For any set of constants Ui, the “asymptotic function” u is the unique 
harmonic function such that u ^ Ui on Ei. Such a function has the same regularity as the 
metric; i.e., if {M,g) is a AE manifold, u E and u — Ui E W'^’^^Ef) for any 

6 E (2 —n, 0). The existence of such a function is guaranteed by IDIMM1J\ Lem f.l]. When 
we refer to u we do not mention the constants Ui. 


Corollary 2.1.6. The function u satisfies minjUj <u< max^Mj with equality if and only if 
minj Ui = max, Ui. 


Proof. The maximum principle 12 . 1.21 implies that miujUj < u < maxjUj. If miujUj = u 
somewhere, the strong maximum principle 12 . 1.31 implies that minjUj = supn = maxjUj. If 
miuj Ui = maxj Ui, all the Ui are the same, and sou = Ui is the desired harmonic function. □ 


When searching for solutions to the Lichnerowicz equation fll.dap . there is no reason 
to restrict ourselves to 0 such that 0 ^ 1 on each end, since 0 approaching any other 
constant simply scales the Euclidean coordinates on that end. Indeed, as we see in Chapter 
0 assuming 0 approaches some other constant can assist in finding solutions. Thus, we 
generally assume 0 —)■ n on each end. 

While the operator div^L appears in a linear equation fll.Sbp . the Lichnerowicz equa¬ 
tion fll.3ap is semilinear, and so Proposition 12.1.41 is not sufficient to find solutions of this 
equation. A useful tool for finding solutions to semilinear equations is the method of sub 
and supersolutions. 

Consider the nonlinear problem 


— aAu = f{x,u) (2-17) 

for a function /(x, ?/) : M x R —)■ M which takes the form /(x, y) = J2i=i specified 

functions a* and constants 6 j, where we use the convention that = 1 if = 0. We also 
assume that aj(x) G for some ^ < 0 (or, similarly, that aj(x) E C^f‘ 2 )- Note that, 

depending on the value(s) of bi, is smooth on (0, oo), [0, oo), or (—cx),cx)). We say a 
function / is “ regular” if it satisfies these properties, and the largest interval for which all 
the y'^' are smooth is /’s “interval of regularity” I. Note that the Lichnerowicz equation 
fll.3ap takes this form, as long as we require sufficient regularity of the seed data. Recall that 
U- is called a subsolution of (I2.17p if —aAu- < f{x,U-), and similarly (with > replacing 
<) for a supersolution u+. 

Theorem 2.1.7 (Sub and Supersolution Theorem for AE Manifolds). Let {M,g) be a 
AE manifold with p > n/2 and 7 < 0. Suppose /(x, y) is regular (as defined above) for some 
6 E (2 — n, 0). Suppose that there are sub and supersolutions u± E L°° such that U- < u+ 
and inf U- E I. Suppose u is such that, sufficiently far out on each end, U- < u < u+. Then 
Equation fl2.17l) admits a solution u such that U- < u < u+ and u — u E 

A similar theorem holds for AE manifolds if f is C^’°‘ regular and u± E The 

solution then satisfies u — u E 

Remark 2.1.8. This is essentially Theorem 1 in Appendix B.2. in ICBIYOOf . but with lower 
regularity requirements, and generalized asymptotics. We mirror their proof. Note that if 
some bi < 0, the theorem requires > e > 0 for some e > 0. 
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Proof. We only prove the Sobolev case. The Holder case is proven similarly. 

We construct a solution by induction, starting from 0_. Let k he a. positive function on 
M such that k ^ and 

k{x) + sup fy{x,y)>0. (2.18) 

j;gRange(u±) 

Such a k exists by our assumptions on u± and /. 

Let vi G be the unique solution to 

— aAui + kvi = f{x, uJ) + k(u_ — u) (2-19) 

and let ^1 = ^1 + u. The solution v\ exists by Proposition 12.1.41 

Using the equality and inequality satished by Vi and respectively, we hnd that 


— a/S.{ui — uP) + k{ui — uJ) > 0. (2.20) 

By the maximum principle 12.1.21 Ui > m_. Similarly, 


—aA(-u_|_ — Ml) + k{u+ — Ml) > f{x, M+) — 


= (m+ - M_) 

> 0 , 


f{x, M_) + k{u+ — M_) 

+ y fy{X,U- +t{u + 



( 2 . 21 ) 

( 2 . 22 ) 

(2.23) 


where the last line holds by our assumption on k, Equation fl2.18p . Again by the maximum 
principle 12.1.21 mi < m+. 

We then let m* = m* + m, where m, G solves 


- aAvi + kvi = f{x, Mi_i) - kvi_i. 


(2.24) 


Again using the maximum principle, we can show that Mj is an increasing sequence; i.e.. 


M_ < Ml < M2 < • • • < Mj_i < Mj < • • • < M+. 


(2.25) 


Since the m* constitute a bounded increasing sequence, the Mj converge to some function m 
with M_ < M < M+. We claim that m is a solution of Equation fl2.17p . 

From Proposition 12.l.H we have 


||^^i+i||w".p < C\\f{x,Ui) - kviWq. (2.26) 

The right hand side is uniformly bounded by our assumptions on k and /, and since Mj and 
Mj are bounded. Thus Mj is uniformly bounded in . 

The compact embedding of into for any 5' > 5 and some a > 0 from Proposition 
12.0.11 implies that Mj — )■ m in Cy“, and that u — u G This convergence implies that 

f{x, Mj_i) — /cMj_i converges in and so, since —aA + k is an isomorphism, Mj must converge 
to M in W^’^. Thus —aAu = f{x,u), as desired. □ 
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Chapter 3 

Solvability of the Lichnerowicz 
Equation 


The results in this chapter will appear in |DGI15j . 

The Lichnerowicz equation fll.3ap is a semilinear elliptic equation. Because of the mixed 
sign of the exponents, it is of a type not generally studied. However, with appropriate sign 
restrictions on the coefficients, we can fully understand this equation. Recall that in the 
compact case, the solvability of the Lichnerowicz equation is given by Table 11.21 with one 
caveat. Namely, if g is Yamabe negative, the Lichnerowicz equation is solvable if and only if 
g can be conformally transformed to a metric with scalar curvature The main result of 

this chapter is that, regardless of Yamabe class, the Lichnerowicz equation on AE manifolds 
is solvable if and only if g can be conformally transformed to a metric with scalar curvature 

First we must discuss what kind of data we are looking for when we discuss asymptotically 
Euclidean initial data. Clearly we want an AE manifold, (M, ^). The usual regularity we 
desire for 'g is Wg’^. However, we also need K to decay at inhnity. Heuristically, we want 
this so that our spacelike slice (M, g) is not curled up inside the spacetime near inhnity. We 
thus require K G In order to guarantee this regularity, we require that our seed data 

satishes 


{g - gEuc, r,N-l, a, r, J) G W,'’" x W/f, x x x x (3.1) 

with p > n/2 and 6 G (2 — n, 0), and similarly for Cf°‘ seed data. We then seek a solution 
(0, W) with (j) — u E and W G The reconstructed initial data (g, K,TnmTin) 

from fll.Sp then has the desired regularity. 

We must make one additional restriction on the sign of the seed data. In particular, we 
must require r > 0. This is known as the weak energy condition, and is simply requiring 
that the matter density can never be negative. Equivalently, it says that gravity is always an 
attractive force. This is a physically reasonable assumption, though not strictly necessary for 
general relativity. For instance, solutions of the Einstein equations with stable, traversable 
wormholes require matter with negative energy density. 

We can now prove the main result of this chapter. 
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Theorem 3.0.9 (Curvature Criterion for AE Solutions to the Lichnerowicz Equation). 
Suppose that {M,g) is a AE manifold with p > n/2 and 6 G (2 — n, 0). Assume that 
r, \a + ^LW\‘^ and are all contained in L^_ 2 , and that r > 0. Then the Lichnerowicz 
equation (II .Bah has a positive solution cf) with (p — u E if and only if there exists a 

positive conformal factor if with if — u' E such that 'g = if‘^~'^g has scalar curvature 

—KT^. The u and u' are two positive asymptotic functions, as defined in Definition \2.1.5[ A 
similar result holds for (7^’“ regularity. 

Proof. (^) Suppose there is such a solution (f to the Lichnerowicz equation. It is well known 
that the desired if is a. solution to 

— aAif + Rif + KT‘^if’^~^ = 0. (3.2) 


Equation fl3.2p clearly satishes the conditions of the sub and supersolution theorem 12.1.71 
as a consequence of the regularity we have presumed. Note that the scalar curvature R 
must be in L^_ 2 - For > 1, /30 is a supersolution for fl3.2p . li (3 > supu'/u, ft(f satisfies 
the conditions of Theorem 12.1.71 For the subsolution, we take if- = 0. This is certainly 
regular. Also, we note that since the exponents in fl3.2p are positive, 0 lies in the interval of 
regularity for f{x,y). Together, these conditions and Theorem 12.1.71 guarantee the existence 
of a solution -0 > 0 of fl3.2p with the properties we desire, except that it may be zero 
somewhere. 

However, we can easily argue that if cannot be 0 anywhere. Suppose it were zero at some 
point. Since if E the strong maximum principle 12 .1.3 1 implies that if = 0. But if ^ u 

at inhnity, a contradiction. Thus if > 0, proving the implication. 

(«^) Suppose there is such a conformal factor if. Note that if must then satisfy Equation 
fl3.2p . For ft < 1, ftif is a subsolution for the Lichnerowicz equation. Vl (3 < iniu/u', then 
ftif satishes the conditions of Theorem 12.1.71 

To help hnd the supersolution, we use the conformal covariance of the Lichnerowicz 
equation 11.1.11 and the conformal factor if to assume that the scalar curvature is —kt^. 

Proposition fl2.1.4p shows that there exist solutions to the linear problem 


— aAug + = e 





(3.3) 


such that Ue — 1 G for each e G [0,1]. Note that Vq = 1, and that the solution map 
is continuous in e. We claim that n, > 0 for all e G [0,1]. By continuity, the set of e for 
which Ue > 0 is open. Suppose some e were on the boundary of the set for which > 0. By 
continuity, Ue > 0, and = 0 somewhere. By the strong maximum principle 12.1. 31 = 0. 

However, this contradicts that —)■ 1 at inhnity. Thus the set of e for which Ue > 0 is open. 
Since this set is also nonempty, it is all of [0,1]. 

We claim ftv := ftvi is a supersolution to the Lichnerowicz equation (with R = —kt^) 
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for large /3. Indeed, if we plug into the Lichnerowicz equation, we get 

T 2 






+ KT‘^{f3v) 


q-1 


f3 + r(] 




Wv) 


-q-l 


r{/3v 


I - 9/2 


= K,T 




W-1 


2/3n] + 


a +- LW 

2N 


[13 - {I3v)-^-^] +r[l3- (/5n)-'?/2] > 0 (3.4) 


for sufficiently large {3. li (3 > u/u', the sub and supersolution theorem 12.1.71 provides the 
desired solution to the Lichnerowicz equation. □ 


In light of this theorem, we make the following dehnition. 

Definition 3.0.10. The seed data {g,T, N,a,r, J) is said to be “admissible” if there is a 
conformal factor transforming g to a metric with scalar curvature — 

It is important to understand for which AE metrics we can make this conformal trans¬ 
formation. This question is resolved in Chapter 01 We note here, however, that it is well 
known (cf. |Maxn5] ) that g is Yamabe positive if and only if g can be conformally trans¬ 
formed to a metric with identically vanishing scalar curvature. We use this fact later in this 
chapter. 

If the seed data is admissible, the Lichnerowicz equation has a solution asymptotic to 
any desired asymptotic function. This solution is unique. 

Theorem 3.0.11 (Uniqueness of Solutions to the Lichnerowicz Equation). Suppose that 
(M, g) is a AE manifold with p > ?7,/2 and 6 G (2 — n, 0). Assume that r, \a + ^LIU| 
and are all contained in LF^_ 2 , and that r > 0. //0i,02 both solve the Lichnerowicz 
equation, and are such that — 02 £ ^ 5 ’^; then 0i = 02 - 

Proof. The following proof is taken from [CBIPObl Thm 8.3]. 

We use (pi as a conformal factor and use the conformal covariance of the Lichnerowicz 
equation (cf. Proposition ll.l.ip to get 

= -KT^ + |a + LIUIV”'" + (3.5) 

Therefore, using u := 02/0i, we obtain 


— t 

n 9 


/ 2 

1 

1 — 





u 


/ 2 

1 

1 KT^ — 

. + -LW 


'>2 ^ 


\ .,,< 7—1 


(3.6) 


This equation may be written as 


“ - 1) + ^2)iu - 1) = 0 (3.7) 

where ^(0i, P 2 ) is a positive expression in terms of pi and the seed data. Also, as long as the 
pi are continuous and positive, f G L^_ 2 - The operator —aA is thus an isomorphism (cf. 
Proposition I2.1.4p . Thus m — 1 = 0 and so 0i = 02. □ 
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3.1 Non-existence of Solutions to the Constraints 


Theorem 13.0.91 allows us to find seed data which cannot lead to solutions of the conformal 


constraint equations fll.311 . 

Theorem 3.1.1. Suppose g is Yamabe non-positive. If t = 0, then the conformal constraint 
equations allow no solutions. The class of such metrics is non-empty. 

Proof. By Theorem 13.0.91 the Lichnerowicz equation is solvable if and only if g can be 
conformally transformed to a metric with scalar curvature — = 0. However, since g is 

not Yamabe positive, there is no such conformally related metric (cf. |Max05j b Thus there 
can be no solution to the conformal constraint equations. 

Friedrich in [Frill] showed the existence of an AE Yamabe null manifold. In Proposition 
14.4.31 we show that if a Yamabe null or negative compact manifold is decompactified in a 
particular way, the related AE metric is also Yamabe null or negative. □ 

In general, if one cannot conformally transform the scalar curvature to —there cannot 
be a solution to the conformal constraint equations. In Chapter 01 we give a characterization 
of when this is possible. 

In addition, we can show that if r* approaches some r that does not allow solutions, then 
any solutions Wi of the constraint equations corresponding to seed data with must blow 
up as z —)■ oo. We focus on the case r = 0, but the techniques work in more general cases. 
We first prove a lemma. 

Lemma 3.1.2. Suppose rf > r|, with Ti G Suppose (f) solves the Lichnerowicz equation 

with T 2 and any a and LW. Suppose a conformal factor transforming the scalar curvature 
to —ktI exists, and that ^ . Then (j) > fj. 

Proof. Let (p/f) = 0. By conformal covariance 11.1.11 0 solves 





where A and L are operators with respect to 'ip‘^~‘^g. 

Suppose, by way of contradiction, that 0 < 0 somewhere. Thus 0 < 1 somewhere. Since 
0 —)■ 1 at infinity, it must have a global minimum at some point p G M. On some small ball 
B{p) around p, 0 < 1, and so 



(3.9) 



(3.10) 


Since 0(p) is a global minimum, n = 0 on dB{p). Thus 



(3.11) 
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and so n = 0 on i?(p). Tims inf 0 > infaB(p) 0, and so 0 is constant on B{p). By continnity, 
we can similarly argne that 0 < 1 everywhere. This contradicts that 0 ^ 1 at inhnity. Thus 
0 > 1, and so 0 > 0. □ 


Using a prescribed scalar curvature result from Chapter HJ we can show that sequences 
of solutions with r* —)■ 0 blow up. 


Theorem 3.1.3. Suppose we have seed data {g,Ti, N,a,r, J) as in fl3.ip . Suppose g is 
Yamabe non-positive, and has no conformal Killing fields. Suppose (0j, Wf) are solutions to 
the conformal constraint equations fll.dp for the data with Ti. //Tj —)■ 0 in C' 5 _^ fl then 

sup 0i —)■ CX). 

Proof. Since Tj —)■ 0 in C^_i, nrf < C for some (7 > 0. Since the Xj are admissible, 
Lemma 14.3.31 shows that there exists a conformal factor 0 transforming to a metric with 
scalar curvature Then, by Lemma 13.1.21 0* > 0 > 0 for all i. Thus the 0i are 

uniformly bounded below. 

Suppose the (pi are bounded above. Then pldvi ^ 0 in L^_ 2 - By the continuity of the 
vector equation, and since there are no conformal Killing helds on g (cf. Proposition I2.1.4p . 
lUi ^ 0 in 

Since the 0j are bounded above and below. 


F(00 := RP, + - 




07 '^-! - rP 


-g/2 


(3.12) 


is bounded in L^_ 2 - Since pi solves the Lichnerowicz equation (ll.3ap . estimate (12.7p shows 
that the pi are uniformly bounded in . By compact embedding, pi converge strongly in 
to some 0oo- Thus F{pi) converges strongly in Lf _2 to F{poo). This in turn shows that 
pi converges in to poo- 

However, since r* —)■ 0, Tfpj~^ —)• 0. Also, LWi —)■ LWoo, where LWoo is the solution of 

div;^LlUoo = J- (3.13) 


Thus 


1 

2 

1 

^ + W^rLWi 


2N 


2N 


Since pi converge in poo solves 



(3.14) 


a^poo T Rpoo 


a + 


2N 


:LWo 


oo 



(3.16) 


which is impossible because, in this equation, r = 0, which is not admissible. Thus pi cannot 
be bounded above. □ 


Theorem 3.1.4. Suppose we have seed data {g,Ti, N,a,r, J) as in (13.11) . Suppose g is 
Yamabe non-positive, and has no conformal Killing fields. Suppose {pi, Wp are solutions to 
the conformal constraint equations fll.3p for the data with Ti. If Ti ^ 0 in fl Wl'\, 
and Ti > Ti+i, then for any choice of radial function p > 1 and for any p > n, one of the 
following occurs: 
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• for all 1 ] E (2 — n, 0), is unbounded. 

• for all rj eM., is unbounded. 

Proof. Since the r* are admissible, let fji be the conformal factors transforming g io a. metric 
with scalar cnrvatnre —kt^. Snppose, by way of contradiction, that both and 

11^*11 ]^p are bonnded, for some choices of p, rj, rj' and radial fnnction p. By the estimate (I2.7p . 


Il^illw2.p < c\\T^ijf pcw^ipi 


I Lb) 

w 


(3.16) 


which is bonnded by assnmption. Since ipi is nniformly bounded in by Sobolev em¬ 

bedding [2211] a subsequence, which we also denote by fji, converges in C^. Mirroring the 
proof of Theorem 13.1.31 we can hnd a limit 'i/'oo which again contradicts that g is Yamabe 
nonpositive. Thus either [[rfor ||'0i||LP is unbounded. 

By Lemma 13.1.21 (fiPijJi, and so 0* must be unbounded in the same way as i/'i- □ 
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Chapter 4 

Prescribed Scalar Curvature and 
Yamabe Classes 


This work is (lightly) adapted from |DM15j . This paper is quoted with David Maxwell’s 
permission. 

One formulation of the prescribed scalar curvature problem asks: given Riemannian 
manifold and some function R', is there a conformally related metric g' with scalar 

curvature R'? If we define g' = (j)^~'^g for N := 0 this is equivalent to finding a positive 

solution of 

- aA(j) + R(p = R'(j)^-\ (4.1) 

On a compact manifold the Yamabe invariant of the conformal class of g poses an obstacle 
to the solution of fl4.1l) . For example, in the case where M is connected and R' is constant, 
problem (14.Ih is known as the Yamabe problem, and it admits a solution if and only if 
the sign of the Yamabe invariant agrees with the sign of R' [YambOj |Tru68j |Anb76] [Sdi84] . 
More generally, if R' has constant sign, we can conformally transform to a metric with scalar 
curvature R' only if the sign of the Yamabe invariant agrees with the sign of the scalar 
curvature. Hence it is natural to divide conformal classes into three types, Yamabe positive, 
negative, and null, depending on the sign of the Yamabe invariant. 

We are interested in solving equation (14.Ih on a class of complete Riemannian manifolds 
that, loosely speaking, have a geometry approximating Euclidean space at inhnity. These 
asymptotically Euclidean (AE) manifolds also possess a Yamabe invariant, but the rela¬ 
tionship between the Yamabe invariant and problem fl4.ip was not, up until this work, well 
understood in the AE setting, except for some results concerning Yamabe positive metrics. 
We have the following consequences of |Max05j Proposition 3. 

1. An AE metric can be conformally transformed to an AE metric with zero scalar 
curvature if and only if it is Yamabe positive. As a consequence, since the scalar 
curvature of an AE metric decays to zero at infinity, only Yamabe positive AE metrics 
can be conformally transformed to have constant scalar curvature. 

^In this chapter, and this chapter alone, we use the notation N := instead of q. Since the lapse N 
does not appear in the chapter, there should be no confusion about the two TV’s. 
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2. Yamabe positive AE metrics have conformally related AE metrics with everywhere 
positive scalar curvature, and conformally related AE metrics with everywhere negative 
scalar curvature. 

3. If an AE metric admits a conformally related metric with non-negative scalar curvature, 
then it is Yamabe positive. 


Note that it was at one time believed that transformation to zero scalar curvature is possible 
if and only if the manifold is Yamabe non-negative |CB81j . The proof of this contention in 
[CB81] contains an error, and the statement and proof were corrected in |Max05] . See also 
[Frill] . which shows that there exist Yamabe-null AE manifolds and hence the hypotheses 
of |CB81j and [MaxOSj are genuinely different. 

As a consequence of the above three facts, the situation on an AE manifold is some¬ 
what different from the compact setting. In particular, although positive scalar curvature 
is a hallmark of Yamabe positive metrics, negative scalar curvature does not characterize 
Yamabe-negative metrics. Indeed, reporting joint work with David Maxwell, we show in 
this chapter that given an AE metric g, and a strictly negative function R' that decays to 
zero suitably at inhnity, the conformal class of g includes a metric with scalar curvature 
equal to R' regardless of the sign of the Yamabe invariant. So every strictly negative scalar 
curvature is attainable for every conformal class, but zero scalar curvature is attainable only 
for Yamabe positive metrics. Thus we are lead to investigate the role of the Yamabe class 
in the boundary case of prescribed non-positive scalar curvature. 

Rauzy treated the analogous problem on smooth compact Riemannian manifolds in 
|Rau95j ■ which contains the following statement. Suppose R' < 0 and R' ^ 0. Observe 
that if R' is the scalar curvature of a metric conformally related to some g, then g must 
be Yamabe-negative, and without loss of generality we assume that g has constant negative 
scalar curvature R. Then there is a metric in the conformal class of g with scalar curvature 
R' if and only if 

ttXjii > —R (4-2) 

where a is the constant from equation f|4.1l) and where 


Xr> 


inf 


J|V«P 


: u e u > 0,u ^ 0, 



(4.3) 


Rauzy’s condition (14. 2 h is not immediately applicable on asymptotically Euclidean manifolds, 
in part because of the initial transformation to constant negative scalar curvature. However, 
recalling that R is constant we can write aX^' + R as the inhmum of 


/ a\Vu\^ + Ru^ 

Ju^ 


(4.4) 


over functions u supported in the region where R' = 0. So, in effect, inequality (14. 2 h 
expresses the positivity of the hrst eigenvalue of the conformal Laplacian of the constant 
scalar curvature metric g on the region {R' = 0}. The connection between the hrst eigenvalue 
of the conformal Laplacian and prescribed scalar curvature problems is well known, but its 
use is more technical on non-compact manifolds where true eigenfunctions need not exist. 
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For example, |FCS80j shows that a metric on a noncompact manifold can be conformally 
transformed to a scalar flat one if and only if the hrst eigenvalue of the conformal Laplacian 
is positive on every bounded domain. 

In this chapter, following |DM15] . we extend these ideas in a number of ways to solve 
the prescribed non-positive scalar curvature problem on asymptotically Euclidean manifolds, 
and we obtain a related characterization of the Yamabe class of an AE metric. In particular, 
we show the following. 

• Every measurable subset Y C M can be assigned a number yiV) that generalizes the 
Yamabe invariant of a manifold. The invariant depends on the conformal class of the 
AE metric, but is independent of the conformal representative. 

• We can assign every measurable subset Y C M a number A 5 (Y) that generalizes the 
hrst eigenvalue of the conformal Laplacian. These numbers are not conformal invari¬ 
ants, and are not even canonically dehned as they depend on a choice of parameters (a 
number 6 and a choice of weight function at inhnity). Nevertheless the sign of A 5 (Y) 
agrees with the sign of yiV), regardless of the choice of these parameters. 

• Given an AE metric g and a candidate scalar curvature R' < Q, there is a metric in 
the conformal class of g with scalar curvature equal to R' if and only if {R' = 0} is 
Yamabe positive; i.e., y{{R' = 0}) > 0. 

• A metric is Yamabe positive if and only if for every function i?' < 0 there is a con¬ 
formally related metric with scalar curvature equal to R'. 

• A metric is Yamabe null if and only if for every function R' < 0, except for R' = 0, 
there is a conformally related metric with scalar curvature equal to R'. 

• A metric is Yamabe negative if and only if there is a function i?' < 0, i?' ^ 0, such 
that no conformally related metric has scalar curvature equal to R'. We also present 
some results concerning which scalar curvatures have Yamabe positive zero sets. 

• Additionally, a metric is Yamabe positive/negative/null if and only if it admits a 
conformal compactihcation to a metric with the same Yamabe type. 

These results carry over to compact manifolds, where we obtain some technical improve¬ 
ments. First, Rauzy’s condition (14.21) is equivalent to our condition y{{R! = 0}) > 0 (or 
equivalently A^dR' = 0}) > 0). But the condition y{{R' < 0}) > 0 can be checked without 
reference to a particular background metric. Moreover, we work with fairly general metrics 
(^lof with p > n/2), and candidate scalar curvatures in U’{M). Finally, there is an error 
in Rauzy’s proof, closely related to the gap in Yamabe’s original attempt at the Yamabe 
problem, that we correct in our presentation. @ 

The prescribed scalar curvature problem on AE manifolds for R' > 0, or for functions 
R' which change sign, remains open. Of course if R' > 0 the problem can only be solved if 
the manifold is Yamabe positive, but it is not known the extent to which this condition is 
sufficient. For prescribed scalar curvatures that change sign, little is known for any Yamabe 

^We thank Rate Mazzeo for useful conversations concerning this correction. 
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class. Nevertheless, the case R' < 0 that we treat here has an interesting application to 
general relativity; see below. For comparison, we note that the prescribed scalar curvature 
problem on a compact manifold is also not yet fully solved. On a Yamabe-positive manifold 
it is necessary that R' > 0 somewhere, and on a Yamabe-null manifold it is necessary that 
either i?' = 0, or i?' > 0 somewhere and f R' < 0 when computed with respect to the scalar 
flat conformal representative. See jES86j which shows that these conditions are sufficient in 
some cases. See also [BE87j for obstructions posed by conformal Killing helds. 


4.1 Asymptotically Euclidean Manifolds 


We mention a few extensions of what has been discussed above in Chapter [2] which will be 
applicable in this chapter. We will work exclusively with AE metrics with p > n/2, 
and we henceforth assume 

p > nl2 and a < 0. (4.5) 


A metric is Holder continuous and has curvatures in L^^_ 2 - 

The Laplacian and conformal Laplacian of a metric are well-dehned as maps from 
to LI _2 for q G (l,p], they are Fredholm with index 0 if 5 G (2 — n, 0), and indeed 
the Laplacian is an isomorphism in this range; see, e.g., jBar86] Proposition 2.2. Note that 
|Bar86] works on a manifold diffeomorphic to R^, but the results we cite from |Bar86] extend 
to manifolds with general topology and any hnite number of ends. 

Many of the results in this chapter hold for both asymptotically Euclidean and compact 
manifolds, and indeed we can often treat a IF^’^ metric on a compact manifold as a IF^’^ 
metric on an asymptotically Euclidean manifold with zero ends, in which case the weight 
function p is irrelevant and could be set to 1 if desired. For the sake of brevity, throughout 
Section 14.21 we interpret a compact manifold as an AE manifold with zero ends. In the 
remaining sections there are differences between the two cases and we assume that AE 
manifolds have at least one end. 

The weight parameter 


5 * 


2 — n 
2 


(4.6) 


plays a prominent role in this chapter, and it reflects the minimum decay needed to ensure 
is hnite. At this decay rate, and we have the inequalities that generalize 

the Poincare and Sobolev inequalities. Lemma 12.0.31 

Lemma 12.0.31 evidently fails on compact manifolds, as can be seen by taking m to be a 
constant. For our proofs that treat the compact and non-compact case simultaneously it will 
be helpful to have a suitable inequality that works in both settings. Observe that for any 
5 > 0 there exists C 2 such that 


||^i||2,5 + II Vm||2 > C2||M||Ar. (4.7) 

This follows from the standard Sobolev inequality on compact manifolds and follows trivially 
from inequality (12.5p on non-compact manifolds. Recall, again, that in this chapter, N : = 

2n 

n—2 * 
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4.2 The Yamabe Invariant of a Measurable Set 


Throughout this section, let {M,g) be a AE manifold with p > n/2 and a < 0, with 
the convention that a compact manifold is an AE manifold with zero ends. For u G C^{M) 
(i.e., smooth functions of compact support), u ^ 0, the Yamabe quotient of u is 


QW 


f a\Vu\'^ + Ru^ 


(4.8) 


and the Yamabe invariant of g is the infimum of taken over C^{M). Here and in other 
notations we drop the decoration g when the metric is understood. Our principal goal in 
this section is to define a similar conformal invariant for arbitrary measurable subsets of M 
and to analyze its properties. 

It will be convenient to work with a complete function space, and we claim that the 
domain of can be extended to \ {0} where 5* is defined in equation fl4.6p . To see 
this, first note from the embedding properties of weighted Sobolev spaces that embeds 
continuously in = Lf* and that u i—)■ Vu is continuous from IE/«’^ to indeed 5* is the 
minimum decay needed to ensure these conditions. To treat the scalar curvature term in 
we have the following. 


Lemma 4.2.1. The map 


M I—)■ / Rvr 


(4.9) 


is weakly continuous on IE/.’^. Moreover, for any 5 > 5* and e > 0, there is constant C > 0 
such that 

' Ru^ <e\\Vu\\l + C\\u\\l,. (4.10) 

Proof. Recall that R G T ^_2 where p > u/2 and a < 0. So there is an s G (0,1) such that 


1 2 


p n 


(4.11) 


Set a = 6* — a/2. Since s < 1 and a > 6*, IE/*’^ embeds compactly in lE*’^, where the 
interpolation (Sobolev) space lE^’^ is described in |Tri76aj[Tri76b] . Moreover, lE^’^ embeds 
continuously in where 


Since 


and since 


I = l-i = l(i-i), 

(4.12) 

q 2 n 2 \ p J 

1 2 
—1— — 1 

(4.13) 

p q 

a — 2 + 2a = 26* — 2 = —n, 

(4.14) 


Holder’s inequality implies the map fl4.9p is continuous on L^, and from the previously men¬ 
tioned compact embedding the map fl4.9p is therefore weakly continuous on Moreover, 

Holder’s inequality implies there is a constant C such that 





(4.15) 
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From interpolation |Tri76b] we have 


where 6 satishes 

Since a = S* — a/2, we hnd 


< Cl m||^1,2| 

5 * 

(4.16) 

s6* + (1 — s)6 = a. 

(4.17) 

1 

* 

(4.18) 


and since a < 0 and s G (0,1), 6 > S*. Indeed, by raising a close to zero, or lowering p close 
to n/2 (which raises s up to 1), we can obtain any particular S > 6*. We conclude from 
inequalities fl4.15l) . fl4.16p and the arithmetic-geometric mean inequality that 


Ru^ 




(4.19) 


This establishes inequality fl4.10l) on a compact manifold, and we obtain fl4.10l) in the non¬ 
compact case by applying the Poincare inequality fl2.4p . □ 


Corollary 4.2.2. The map 


a| -|- Ru^ 


(4.20) 


is weakly upper semicontinuous on . 

Proof. This follows from the weak upper semi continuity of m i—)■ / |VmP along with Lemma 


imi 


□ 


Definition 4.2.3. Let V M be a measurable set. The test functions supported in V are 


A{V) := {u e Ws:\M) : m ^ 0, u\v^ = O} , (4.21) 

where W is the complement of V. 

Definition 4.2.4. Let V O M be measurable. The Yamabe invariant ofV is 


V,(V) 


inf 

ueA{v) 


Q^{u). 


(4.22) 


IfV has measure zero, and hence Ai/V) is empty, we use the convention PgiV) = oo. 

Since Cf°{M) is dense in for V = M, this agrees with the usual dehnition of 

the Yamabe invariant. 

In principle, the inhmum in the dehnition of the Yamabe invariant could be —oo. The 
following estimate, which will be useful later in the paper as well, shows that this is not 
possible. 


Lemma 4.2.5. Let 6 G 

u G 


There exist positive constants Ci and C 2 such that for all 


^ Illy Id — 


a| Vwp -|- Ru^ 


+ ^2||w||2^5. 


(4.23) 





















Proof. It is enough to establish inequality fl4.23p assuming 6 > S*. From Lemma [4.2.11 there 
is a constant C such that 


(4.24) 

\h- (4.25) 

uWlj. (4.26) 

Inequality fl4.23p now follows trivially in the compact case, and follows from the Poincare 
inequality fl2.4p in the non-compact case. □ 

Lemma 4.2.6. For every measurable set 14, yiV) > —oo. 

Proof. Let Uk be some minimizing sequence for normalized so that ||Mfc||iv = 1- Lemma 
I4.2.5l and the continuous embedding ^ Lj implies that is uniformly bounded in 
Estimate fl4.10p then implies that Q{uk) is uniformly bounded below. □ 

As one might expect, y{V) is a conformal invariant. 

Lemma 4.2.7. Suppose g' = is a conformally related metric with 0 —1 G Then 


vAV)=ys{V). (4.27) 

Proof. The conformal transformation laws 

dV„> = (f^dVa 

(4.28) 

Rg' = 0^ (-aAg0 -h RgCf) 
together with an integration by parts imply 

[ \Vu\l, + Rg,uUVg,= [ \V{(fu)\l + Rg{<fufdVg (4.29) 

Jm Jm 

for all u G 1P/.’^(M). Since || • ||c,/_)v = ||0 • Hg.Afj h follows that 

Qlfu) = (4.30) 

for all u G as well. Since A{V) is invariant under multiplication by 0, yg'{V) = 

y,(v). □ 

We will primarily be interested in the sign of the Yamabe invariant. 


Definition 4.2.8. A measurable set V ^ M is called Yamabe positive, negative, or null 
depending on the sign ofygifV). 


Ru^ 


/ \Vu\^ + C\\u\\l, 


and hence 


Consequently 


a\Vu\^ + Ru^ >- \Vu\^-C\\u\ 


|Vm|2 < 


a|VM|^ -I- Ru^ 


+ 


2C. 
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The Yamabe invariant involves the critical Sobolev exponent N and hence can be tech¬ 
nically difficult to work with. On a compact manifold, however, the sign of the Yamabe 
invariant can be determined from the sign of the first eigenvalue of the conformal Laplacian. 
These eigenvalues enjoy superior analytical properties (for instance, it is simpler to show 
that the related eigenfunctions exist), and we now describe how to extend this approach to 
measurable subsets of compact or asymptotically Euclidean manifolds. 

For 6 > 6* we dehne the Rayleigh quotients 


Qg,S (^) 


Ja\Vu\^ + Ru^ 


(4.31) 


Our previous arguments for the Yamabe quotient imply that Qg^s is well-dehned for any 
u G Wgf \ {0}, and indeed Qg^s is continuous on this set. 


Definition 4.2.9. The first 6-weighted eigenvalue of the conformal Laplacian is 


A,.i(l/)= mf (4.32) 

ueA(v) 

By convention, ifV has measure zero then Xg^siV) = oo. We will write Qs and Xs when the 
metric is understood. 


The value of A 5 (Y) is not particularly meaningful; it depends on the choice of weight 
function p and it is not a conformal invariant. Nevertheless, its sign is a conformal invariant 
independent of the choice of p. 

Proposition 4.2.10. For any measurable set V C M, the following are eguivalent: 

1. y{V)>t). 


2. A 5 (Y) > 0 for all6> 6*. 


3. Xs{V) > 0 for some 6 > 6*. 


Proof. We assume that V has positive measure since the equivalence is trivial otherwise. 
The implication 1^2 follows from the inequality ||m|| 2,5 < C'll'^^llw applied to Q^. The 
implication 2 ^ 3 is trivial. So it remains to show that 3^1. 

Let Y be a measurable set with A 5 (Y) > 0 for some 6 > 6*. Suppose to produce a 
contradiction that yiV) < 0. Then there is a sequence Uk G AiV), normalized so that 
/ a|V-Ufcp -|- = 1, such that Q^{uk) < 1/fc. Then 


f 1 c 

MV)\\uk\\l,s < / + Rul < -j^\\uk\\% < 


a\Vuk\^ + liMfcll 


2 

2,5 


< 


(4.33) 


by the Sobolev inequality (14.7p . In particular, ||ma ;||2 5 —t 0. Using inequality (I4.33p . we also 
hnd that 

j ml < ^ - J a\Vu\-^ ^-1. (4.34) 

However, by Lemma 14.2.11 there exists C > 0 such that 


Rul 




which is a contradiction. 


(4.35) 

□ 
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Corollary 4.2.11. For a measurable set V C M, the signs ofy{V) and A 5 (C) are the same 
for any S > S*. 

Proof. Proposition l4.2.1^ sliows that y{V) is positive if and only if A 5 (ld) is also. Choosing an 
appropriate test fnnction shows that yiV) is negative if and only if A 5 (C) is also. Together, 
these imply that yiV) is zero if and only if A5(1A) is. □ 

The decay rate S* is critical for Corollary 14.2.111 For 6 < S*, is not contained in 
and hence onr dehnition of As does not extend to this range. One conld minimize Qs over 
smooth fnnctions instead to dehne As, bnt using rescaled bump functions on large balls as 
test functions, it can be shown that A 5 (M”') = 0 for 5 < 5*, despite the fact that Lemma 12. U. 31 
implies y(M.^) > 0. Note that we have not addressed equality in the threshold case 6 = 6*. 
We now turn to continuity properties of A^. Monotonicity is obvious from the dehnition. 

Lemma 4.2.12. Let 6 > S*. IfV\ and V 2 are measurable sets with Vi C V 2 , then A 5 (Vi) > 
As{V2). 

Note that Lemma 14.2.121 holds even for Vi = 0, and that this relies on our dehnition 
A5(0) = 1/(0) = cxo. To obtain more rehned properties of As, we start by showing that 
minimizers of the Rayleigh quotients exist and are generalized eigenfunctions. 

Proposition 4.2.13. Let V be a measurable set with positive measure and let 6 > 6*. There 
exists a non-negative u G AiV) that minimizes Qs over AiV). Moreover, on any open set 
contained in V, 

-aAu + Ru = As{y)p^^^*-^\. (4.36) 

Proof. Let Uk be a minimizing sequence in AiV)-, this uses the hypothesis that V has positive 
measure. Without loss of generality we may assume that each ||Mfc|| 2,5 = 1- Since 

a[ iVukl"^ + Rul = Qs{uk), (4.37) 

Jm 

and since Uk is a minimizing sequence. Lemma 14.2.51 implies {uk} is bounded in 
and hence converges weakly in and strongly in L‘g{M) to a limit u G 

with ||m|| 2,5 = 1- Since each Ufc = 0 on V^, from the strong Li convergence we see n = 0 
on V^, and since n ^ 0 we conclude that u G AiV). Weak upper semicontinuity (Corollary 
I4.2.2P implies that u minimizes Qs over the test functions A{V). Noting that |m| is also a 
minimizer, we may assume n > 0. 

Suppose V contains an open set 12. Then any 0 G C'“(f2) with 0^0 belongs to A{y), 
and we can diherentiate Qs{u + t(j)) at f = 0 to hnd that u is a weak solution in 12 of equation 

□ 

Lemma 4.2.14 (Continuity from above). Let V O M be a measurable set. If {14} is a 
decreasing seguence of measurable sets with nl4 = V, then 

lim A 5 (Vfc) = A4R). (4.38) 

k^oo 
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Proof. From the elementary monotonicity of Xs, A = limfc^oo XsiVk) exists and 

XsiVk) < A < (4.39) 

for each k. So it is enough to show that 


A > A5(1/). (4.40) 

We may assume that A is hnite, for inequality 04.401) is trivial otherwise. As a consequence, 
each 14 is nonempty and Proposition 14.2.131 provides minimizers Uk of Qs over A{Vk) satis¬ 
fying ||Mfc|| 2,<5 = 1- For each k, since \\uk\\ 2,5 = 1, 

J a| Vwfcp-l-< A. (4-41) 

From inequality (14.411) and the boundedness of the sequence in LjlM), Lemma [4.2.51 implies 
that the sequence is bounded in 1F’//(M). A subsequence converges weakly in and 

strongly in to a limit v with 14112,5 = 1- From weak upper semicontinuity (Corollary 

I4.2.2|) we conclude that Qsiy) < A as well. Moreover, v G AiV) since n = 0 on V)f. So 
Xe{v) < A. □ 

Note that Lemma 14.2.141 is false for the Yamabe invariant. For example, one can take 
a sequence of balls in that shrink down to the empty set. It is easy to see that the 
Yamabe invariant is scale invariant and hence is a hnite constant along the sequence. Yet 
the Yamabe invariant of the empty set is inhnite. In contrast, if 14 \ 0, Lemma 14.2.141 
implies A 5 ( 14 ) C) 0 , and in particular at some point along the sequence A 5 ( 14 ) > 0. The 

following result, which is an extension of |Rau95] Lemma 2 to the AE setting, shows that in 
fact A 5 (Y) is positive so long as a certain weighted volume is sufficiently small. 

Lemma 4.2.15 (Small sets are Yamabe positive). For any p > n, there exists C* > 0 such 
that if Vol^iy) := Jy p~^ <C,V is Yamabe positive. 

Proof. Suppose that u G 4(1/). Dehne 6 by {—26 — n)| = —p. Note that p > n implies 
that 6 > 6*. Then, by Holder’s inequality, 

141115 = J < l^J V ^ (4-42) 

By the Sobolev inequality (14.7p . there exists Ci such that 


Ulllr < Cl 


a|VMp + 1411^^5 


We also note that Lemma 14.2.11 implies there exists C 2 such that 


“ ^*2141115 - 2 / 


(4.43) 


(4.44) 
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Let Tj be defined by t]Vo\^{V)‘^^"'Ci = Using ineqnalities fl4.42p - fl4.44p . we calculate 


iv - CMls < + 2 


< r7Vol^(U)2/-C'i 


a|VMp + \\u\\ls 


+ / Ru^ + o / (4.45) 


= / {a\Vu\^ + Ru^) +- 


\u\ 


2 " 


Dividing through by ||m ||2 5 , inequality fl4.45p reduces to 


h - <^2 - - < Qsiu). 


(4.46) 


As Vol^(U) 0, T] ^ oo. Thus there is a U > 0 such that if Vol^(U) < C, then Qs{u) 
has a uniform positive lower bound for all u G AiV). Thus A 5 (U) > 0, and so V is Yamabe 
positive by Corollary 14.2.111 □ 


In Section 14.41 below we discuss the relationship between the Yamabe invariant of an 
AE manifold and its compactification. After compactification, for /i = 2n, the condition 
Vol^(U) < C corresponds to the condition that the usual volume of the compactified set is 
sufficiently small. This is exactly Rauzy’s condition, and the other choices of /r provide a 
mild generalization of his result. 

Lemma 4.2.16 (Strict monotonicity at connected, open sets). Let S > 6* and let Ll be a 
eonnected open set. For any measurable set E in Q with positive measure, 


Xs{n\E)> Xs{n). (4.47) 

Proof. Let V = fl \ E. We may assume V has positive measure, for inequality fl4.47p is 
trivial otherwise. 

Suppose to the contrary that A 5 (U) = A 5 (D). Since V has positive measure. Proposition 
14.2.131 provides a function u G AiV) with Qi{u) = A 5 (U). Hence u also is a minimizer of Qs 
over A(D), and Proposition 14.2.1^ implies that u weakly solves 

- aAu +[R- Xsp'^^^*-^^] M = 0 (4.48) 

on D. Local regularity implies that u G (D), and we may assume after adjusting m on a 
set of zero measure that u is continuous. Since E has positive measure, we can still conclude 
that u vanishes at some point in D. Following the argument of Lemma 4 from |Max05j . we 
may apply the weak Harnack inequality of [Tru73b] to conclude that u vanishes everywhere 
on the connected set D, and hence on all of M. Since u G A(D), this is a contradiction. □ 

The connectivity hypothesis in Lemma 14.2.161 is necessary to obtain strict monotonicity. 
For example, two disjoint unit balls in R” have the same first eigenvalue as a single unit 
ball. On the other hand, the assumption that D is open is not optimal, and relaxing this 
condition would require a suitable replacement for the weak Harnack inequality. 

Although we have not established continuity from below for Xs, it holds in certain cases. 
The following is a prototypical result that suffices for our purposes. 
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Lemma 4.2.17 (Continuity from below; prototype). Suppose V is measurable. Let Xq E M 
and let Br{xo) be the ball of radius r about Xq- Then for any 6 > S* 

\imXs{V\Br) = XsiV). (4.49) 

Proof. Let u be a function in A{y) that minimizes Q^. Let Xr be a radial bump function 
that equals 0 on Br{xo), equals 1 outside B2r{xo), and has its gradient bounded by 2/r. 
Dehning Ur = XrU we claim that Mr —t m in Assuming this for the moment, we 

conclude from the continuity of Qs that 

A 5 (C) < A5(1" \ Br) < Q&{ur) ^ Qs^u) = A 5 (C) (4.50) 

and hence we obtain equality (14.491) . 

To show that Mr —t w in Wli^, since Mr —)■ m in , it is enough to show that / |V(m — 
Mr)P —)■ 0. However, 


I |V(t< -«,)!"< 2 hi - + t<'=|V(l - 


(4.51) 


The hrst term on the right-hand side of inequality fl4.5ip evidently converges to zero. For 
the second, we note from Holder’s inequality that 


[ U^< 

s 

N 

\f ^1 

n 

< Cr^ 

1 

s 

s; 

_ 1 

} B2r 

A B2r 


A B2r . 


A B2r 


(4.52) 


Since m G —)■ 0 as r —)■ 0. Since V(1 — Xr) is bounded by c/r^ we conclude that 

the second term of the right-hand side of inequality fl4.5ip also converges to zero. 

□ 


4.3 Prescribed Non-Positive Scalar Curvature 

In this section, we prove the following necessary and sufficient condition for an AE Rieman- 
nian manifold with at least one end to be conformally related to one which has scalar 
curvature equal to a specihed nonpositive function. 

Theorem 4.3.1. Let be a AE manifold with p > m/2 and a G (2 — m,0). 

Suppose R' G is non-positive. Then the following are equivalent: 

1. There exists a positive function cf) with 0 — 1 G such that the scalar curvature of 
g' = (f>^~‘^g is R'. 

2. {R' = 0} is Yamabe positive. 

For compact Yamabe negative manifolds we have the following analogous result. Since 
Rauzy’s condition (14.2p is equivalent to the set {R' = 0} being Yamabe positive, this theorem 
is a generalization to lower regularity and a correction of the proof of part of Theorem 1 in 
Rauzy’s work |Rau95j . 
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Theorem 4.3.2. Let {M'^,g) be a compact Yamabe negative manifold with p > n/2. 
Suppose R' G RP is non-positive. Then the following are eguivalent: 

1. There exists a positive function cf with cf e W^’P such that the scalar curvature of 
g' = (j)^~‘^g is R'. 

2. {R' = 0} is Yamabe positive. 

For the most part, the proof of Theorem 14.3.21 can be obtained from the proof of Theorem 
I4.3.1l bv treating a compact manifold as an asymptotically Enclidean manifold with zero ends. 
So we focns on Theorem 14.3.H and then present the few additional argnments needed to prove 
Theorem 14.3.21 at the end of the section. 

Tnrning to Theorem 14.3.11 the proof that 1) implies 2) is short, so we delay it and 
concentrate on the direction 2) implies 1). Snppose that {R' = 0} is Yamabe positive. We 
show that we can make the desired conformal change nsing a seqnence of resnlts proved over 
the remainder of this section. It snffices to work nnder the following simplifying hypotheses. 

1. We may assnme that the prescribed scalar cnrvatnre R' is bonnded since Lemma 14.3.31 
which we prove next, shows that we can the lower scalar cnrvatnre after hrst solving 
the problem for a scalar cnrvatnre that is trnncated below. 

2. We may assnme {R' = 0} contains a neighborhood of inhnity, since continnity from 
above (Lemma 14.2.14p shows that we can trnncate R' in a “small” neighborhood of 
inhnity snch that its zero set remains Yamabe positive, and we can snbseqnently lower 
the scalar cnrvatnre after solving the modihed problem. 

3. We may assnme that the initial scalar cnrvatnre satishes i? = 0 in a neighborhood 
of inhnity, since Lemma 14.3.41 which we prove below, shows that we can initially 
conformally transform to snch a scalar cnrvatnre, and since the hypotheses of Theorem 
14.3.11 are conformally invariant. 

Lemma 4.3.3. Suppose {M,g) is a Wf^’P AE manifold with p > n/2 and a G (2 — n, 0). 
Suppose R' G L^_ 2 - If Rg R R'! there exists a positive 0 with 0 — 1 G Wf^’P such that 

g' = (f)^~^g has scalar curvature R'. 

Proof. We seek a solntion to —aAcj)-\-Rg(f) = R'(j)'^~^. Note that 0 is a snbsolntion and, since 
Rg > R', 1 is a snpersolntion. By |Max05] Proposition 2, there exists a solntion 0 with 
0 < (/> < 1 and 0 — 1 G Wf^’P. Since </> > 0 solves —aAcf + (i? — R '= 0, and since 
(/>—)■ 1 at inhnity, the weak Harnack ineqnality |Trn73b] implies that (f is positive. □ 

Lemma 4.3.4. Suppose {M,g) is a W^'P AE manifold with p > n/2 and a G (2 — n, 0). 
There exists 0 > 0 with 0 — 1 G W^’P such that the metric g' = 4>^~‘^g has zero scalar 
curvature on some neighborhood of infinity. 

Proof. We prove this resnlt for a manifold with one end; the extension to several ends can be 
done by repeated application of onr argnment. Let Ej. be the region ontside the coordinate 
ball of radins r in end coordinates. By Lemma [4. 2. 151 y{Er) > 0 for r large enongh. Following 
Proposition 3 in [MaxOb] we claim that 

-aA + gR-.{ue W^’P{Er) : = 0} ^ LI_^{Er) (4.53) 
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is an isomorphism for all 77 G [0,1]. Because we assume homogenous boundary conditions, 
the argument in Propositions 1.6 through 1.14 in |Bar86j showing that —aA+rjU is Fredholm 
of index zero requires no changes except imposing the boundary condition. Suppose, then, 
to produce a contradiction, that there exists a nontrivial u in the kernel. An argument 
parallel to Lemma 3 in |Max05] implies that u G for any a' G (2 — n, 0). In particular, 
the extension of u by zero to M belongs to and hence also to Integration 

by parts implies Q^{u) = 0, which contradicts the fact that Er is Yamabe positive. Thus 
—aA + r]R is an isomorphism. 

Let Un be the nontrivial solution in {u G W‘^’^{Er) : u\QEr = 0} of 

— aAur^ + rjRuri = —r]R. (4.54) 

Then (j)^^ := + 1 solves 

— aA(j)rj + rjR(l)n = 0 (4.55) 

on Er- Let / = {77 G [0,1] : 0,, > 0}. Since 0o = 1, is nonempty. The set of solutions Ur, 

such that Uri > —1 is open in C C°. Thus, by the continuity of the map rj Ur,, I is 

open. Suppose rjQ G /. If (prjo = 0 somewhere, the weak Harnack inequality [Trn73b] implies 
that (prfo = 0, which contradicts the fact that —)■ 1 at inhnity. Thus (prjo > 0 on Ej., and so 
/ is closed. Thus / = [0,1], and 0i > 0. We set 0 to be an arbitrary positive extension 

of 01 10 satishes the properties claimed in this lemma. □ 

Consider the family of functionals 

Eq{u) = j a\Vu\^ + J R{u +if - J R! |m + 10 (4.56) 


for q G [2, N). 

Broadly, the strategy of the proof of Theorem 14.3.11 is to construct minimizers Uq of the 
subcritical functionals, and then establish sufficient control to show that (l + Wg) converges in 
the limit q ^ N to the desired conformal factor. The following uniform coercivity estimate, 
which we prove following a variation of techniques found in |Rau95] . is the key step in showing 
the existence of subcritical minimizers. 


Proposition 4.3.5 (Coercivity of Eg). Suppose that {R' = 0} is Yamabe positive, that 
6 > S*, and that qo G (2, N). For every B eM. there is a K > 0 such that for all q G [qo, N) 
and all u G Wlf with u > —1, if ||m|| 2,(5 > K then Eq{u) > B. 

Proof. For 77 > 0 let 




|m G u> —1 : 



(4.57) 


Morally, m G if it is concentrated on the zero set 


Z = {R' = 0}, 


(4.58) 


with greater concentration as 77 —)■ 0 . 
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Fix a constant C G (0, Xs{Z)). We first claim that there is an r^o < 1 snch that if n G 
then 

I a\Vu\-+ Ru^ > CMl, ( 4 . 59 ) 

Snppose to the contrary that this is false, and let rjk be a seqnence converging to 0. We can 
then constrnct a seqnence Vk with each G ^4^^ snch that ||nfc|| 2,(5 = 1 and 

I a\Vvk\‘^ + Rvl < C. (4.60) 


Note that C is hnite even if \s{Z) = oo. So from the bonndedness of the seqnence Vk in 
and Lemma 14.2.51 the seqnence Vk is bonnded in and a snbseqnence (which we rednce 

to) converges weakly in and strongly in L'j to a limit v with ||n|| 2,(5 = 1- Now 


0 < 


/ 


R'\vl < Vk 


R'\ 0. 


(4.61) 


Since \R'\vl —?• in we conclnde that n = 0 ontside of Z. From weak npper semicon- 

tinnity fCorollary I4.2.2P we conclnde that 


j a\Vv\^ + Rv^ < C 


(4.62) 


as well. However, since v is snpported in Z 

j a|Vn|2 + Rv^ > X5iZ)\\v\\ls = XsiZ) > £, (4.63) 

which is a contradiction, and establishes ineqnality (14.591) . 

Let H G M and snppose q & {qo, N), u & and n > — 1. We wish to show that there 
is a iL independent of q so that if ||m|| 2,<5 > K then Fq{u) > B. It is enongh to hnd a choice 
of K nnder two cases depending on whether u G or not. If u is concentrated on Z, 
the coercivity follows from the fact that Z is Yamabe positive (as nsed to obtain ineqnality 
fl4.59p L and if u is not concentrated on Z then the coercivity follows from the fact that 
/?' < 0 away from Z. 

Snppose that u ^ so 

j\R'\\u\^>vMhj 1^1- (4-64) 

We calcnlate 

Riu+lf + - [\R'\\u + W 

q J 

> j a|Vn|"-2 f \R\{u^ + l) + - j \R'\{\u\'^ - 1) 

fa /• ^ 2 /■ (4-65) 

> y -|Vnp - -2j \R\ + -J |/2'|(|nr - 1) 

> j ^ivt.|2-ciit.iiL-2 j j+ifl'iH*. 


Fq{u) = / a|V-u|^ + 
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Here we have applied Lemma 14.2.11 and have used the fact that (m + 1)'^ > |m|^ — 1 for 
M > — 1. Inequality fl4.64p and Holder’s inequality imply 

2 ^_2 

mlMlsj \R'\ < j \R'M^< (y IR'M'^y (^j l^'l) ' (4-66) 

and hence 

{Vo)Hu\\lsj \R'\ < j (4-67) 

Using the fact that po < 1 and q < N, inequalities fl4.65p and fl4.67p imply at last that 

> / ^|V«l"-C||'t.||=,,-2 j (|fl| + j |ff|. (4.68) 

We note that J \R' I > 0, for otherwise condition fl4.64l) is impossible, and hence the coefficient 
on ||m ||2 5 is positive. Since q > 2, there is a 77 such that if ||m|| 2,(5 > K, then Fq{u) > B. 
Note that since C is independent of g > goi so is the choice of K. 

Now suppose u G so inequality fl4.59p holds. Then for any e > 0, 


Fqiu) > 


> 

> 

> 

> 


a|Vup + / R{u + 1)' 


+ Ru^+ R [{u + if - uf 


a| Vwp + Ru^ 


| 72 | 


eu +1 + - 
e 


(1-^) 


a| Vwp + Ru^ 


+ e ia\Vu\^ - 2\R\u^) 


iR- 

e 


[(1 — e)C — eC] \\u\\l s R ^ j 2 ~ ^ 7^ J 


\R\ 


(4.69) 


Here we have applied Lemma 14.2.11 inequality fl4.59p . and the fact that {u + 1)^ — v? < 
ev? + 1 + (1/e) for all m > —1 and all e > 0. We can pick e sufficiently small so that the 
coefficient of ||m|| 2,5 ffi the hnal expression of inequality fl4.69p is at least C/2. Hence there 
is a 77 such that if ||m|| 2,(5 > 77, then Fq{u) > B. Since C is independent of g > go, so is e 
and the choice of 77. □ 


Lemma 4.3.6. For q < N the operator Fq is weakly upper semicontinuous on Wlf. 

Proof. Lemma 14.2.11 together with the weak continuity of continuous linear maps implies 
that 

j a\Vu\^+ R{u + lf (4.70) 

1 2 

is weakly upper semicontinuous on . Hence it suffices to show that 


u I—)■ 


7?> + l|''-^ 


(4.71) 
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is weakly continuous on But fixing S > S* we know that the embedding Wlf' is 

compact and that the map fl4.7ip is continuous on □ 

We now obtain existence of subcritical minimizers from the coercivity of Fg, along with 
uniform estimates in for the minimizers. 

Lemma 4.3.7. For any qq G (2, A^), for each q G [go,-^); there exists u„ > —1, bounded in 
12 ^ 

Wgi and independent of q, which minimizes Fq and is a weak solution of 

— a/S.{Uq + 1) + R{Uq + 1) = H! {Uq + 1)*^ (4.72) 

Moreover, Uq G for every cr G (2 — n, 0). 

Proof. Let B = J R + / let 5 > 5*, and let go ^ (2, N). Observe that 

F,(0) < B (4.73) 


for all g G (go,iV). Let K be the constant associated with B, 5 and go obtained from 
Proposition 14.3.51 Fix g G {qo,N) and let Uk be a minimizing sequence in for Fq. 

Without loss of generality, we can assume each Uk > —1 since Fq{uk) = Fq{m.evx.{uk, —2—Uk)). 
We can assume that each Fq{uk) < Fg(0) < B and hence Proposition 14.3.51 implies that each 
||Mfe|| 2,5 < K- Since 

J a| VufcP + -R(l + UkY < Fq{uk) < B (4.74) 

as well, Lemma [4.2.51 implies that there is a O > 0 such that each Note that 

C depends on K and B, which are independent of g > go. A subsequence (which we reduce 
to) converges weakly in Wl^ and strongly in to a limit Uq > —1. Lemma [4.3.61 shows that 
Fq is weakly upper semicontinuous, so Uq is a minimizer. Moreover, ||ug||^yC 2 < (P as well. 
Since Uq is a minimizer, we hnd that (1 + Uq) is a weak solution of 


1^—uA + 7? — R!{\ + Uq)'^ (1 + Uq) — 0. 


(4.75) 


Since R' G and since Uq G an easy computation shows that 7?'(1 + Uq)^~‘^ G 
for some r > n/2. Since R G and g G with p > u/2, we hnd that the coefficients 
of the differential operator in brackets in equation (I4.75p satisfy the hypotheses of the weak 
Harnack inequality of |Tru73b] . Hence, since 1 + > 0 and since the manifold is connected, 

either 1 + > 0 everywhere oi Uq = —1. But Uq decays at inhnity, and so we conclude that 

1 + Mg is everywhere positive. 

We now bootstrap the regularity of Uq, which we know initially belongs to Lf„. Fix 
cr G (2 — ?7,,0). Suppose it is known that for some r > N that Uq G From equation 

fl4.75p . Uq solves 

— aAUq = R'{1 + Uq)'^~^ — R{1 + Uq). (4.76) 


Recall that R' G and R G and both have compact support, 
belongs to with 

1 g-1 1 g-2 N -1 

— = - -< - + - -< -, 

ti r r N N 


Then R'{1 + Uq)^ ^ 
(4.77) 
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and -R(l + Ug) belongs to with 


(4.78) 


1 _ 1 1 

t2 r p’ 

Let t = niin(ti,t 2 ) and note that t < p since t2 < p- From |Bar86j Proposition 1.6 we 
see that Ug is a strong solntion of 04.761) and from [Bar86j Proposition 2.2, which implies 
A : —)■ is an isomorphism for 1 < f < p, we conclnde that Ug G From Sobolev 

embedding we obtain Ug G L^. where 


1 



(4.79) 


so long as 1/t > n/2, at which point the bootstrap changes as discnssed below. Now 


Also, 


1 2^1 

ti n ~ r 

_ 1 
r 

_ 1 
r 


q-2 _ 2 
N n 

N N^n 



1 2 _ 1 ri 2 

t 2 n r p n 


(4.80) 


(4.81) 


Let e = min(l — g/iV, 2/n — l/p) and note that 
(I4.8np and (I4.8ip imply 

1 

— < 


e is positive and independent of r. Ineqnalities 
- - e (4.82) 


Hence, after a hnite nnmber of iterations (depending on the size of e, and hence on how 
close q is to N) we can rednce 1/r by mnltiples of e nntil 1/r < e. At this point the 
bootstrap changes, and in at most two more iterations we can conclnde that Ug G and 
also Ug G IF^’^’. 

□ 


The nniform PF/»’^ bonnds of Lemma [4. 3. 71 are enongh to obtain the existence of a solntion 
u in of eqnation (I4.72|) with q = N. At the end of Section IV.6 of |Ran95] it 

is claimed that on a compact manifold in the smooth setting that elliptic regnlarity now 
implies u is smooth. Bnt in fact this is not qnite enongh regnlarity to start a bootstrap: 
lY^’N/iN-i) continnously in , which implies no more regnlarity than was known 

initially. To start a bootstrap and ensnre the continuity of u we need the following improved 
estimate, which follows a modihcation of the strategy of |LP87] Proposition 4.4. 

Lemma 4.3.8. For each compact set K, the minimizers Ug are uniformly bounded in L^^{K) 
for some M > N. 


Proof. Let y be a smooth positive fnnction with compact snpport that eqnals 1 in a neigh¬ 
borhood of K. Let V = x^(l + where Ug is a snbcritical minimizer and where a is 
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12 12 

a small constant to be chosen later. Note that since Uq G n , V e W^: . Setting 
w = (1 + Uq)^~^‘^, a short compntation shows that 

j x^\Vw\^ = -2^^ j (xVn;,n;Vx) + ^i^|^ j (Vn„Vn). (4.83) 

Applying Yonng’s ineqnality to the hrst term on the right-hand side of eqnation (I4.83p and 
merging a resnlting piece into the left-hand side we conclnde there is a constant Ci snch that 

llxVn;||^ < Cl 

Since Uq is a snbcritical minimizer, 

a J {Vuq, Vn) 


We applied Lemma 14.2.11 in the last line and nsed the fact that for fnnctions with snpport 
contained in a hxed compact set, weighted and nnweighted norms are eqnivalent. Note also 
that the fact that R' < 0 everywhere is nsed in going from line 1 to line 2 in fl4.85p . Noting 
that there is a constant C 2 snch that 

IIV(xn;)||2 < C2{\\x^w\\l + I^Vyll'), (4.86) 


kVxll^ + 2^^^ / (Vn„Vn). 


(4.84) 


= / B!{l + Uqy-\W 


RxV 


< 


2„..2 


RX w 


(4.85) 


<e\\V{xw)\\l + CM\l 


we can combine ineqnalities fl4.84p . 04.851) . and 04.861) to conclnde that, if e is snfficiently small 
to absorb the term from ineqnality 04.85P into the left-hand side, then there is a constant C 3 
such. tjhOjtj 

IIV(xtt>)ll 2 < c, [||»VX'||I + ||»xlll] . (4.87) 

Finally, from the Sobolev ineqnality 04.7p . there is a constant snch that 

\\xw\\n < Ci [llwVxlla + Wi^xWl] (4.88) 

as well. Now Uq is bonnded nniformly in on the support K' of y, and hence we can take 
a sufficiently small so that w is bounded independent of q in as well. Thus (1 -|- Uq) 

is bounded uniformly in L^{K) for M = N{1 + a). □ 

Corollary 4.3.9. Let p be the exponent such that g is a AE manifold and let a G 
(2 — n, 0). The subcritical minimizers Uq are bounded in as q ^ N. 

Proof. Consider a subcritical minimizer Uq, which is a weak solution of 

— aAUq = —R{1 + Uq) + R'{1 + Uq)'^~^. (4.89) 

Let iL be a compact set containing the support of R and R', and let M > Y be an exponent 
such that we have uniform bounds on Uq in L^{K). We wish to bootstrap this to better 
regularity for Uq. 
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Since the bootstrap for the two terms is different, we concentrate hrst on the interesting 
term, R'{1 + Uq)‘^~^, and suppose for the moment that the other term is absent. Let us write 


1 _ 1 
M ~N 


for some e > 0. Now 

+ Uqy-^\ < + |1 + Uqf-^). 

Since R' is bounded, the term i?'|l + Uq\^~^ belongs to L^{K) with 




(4.90) 

(4.91) 


(4.92) 


Since R' is zero outside of K we conclude R'{1 + € L^. Note that the norm of 

R'{1 + Uqy~^ in L® depends on the norm of Uq in L^{K) but is otherwise independent of q. 
Since the functions Uq are uniformly bounded in L^{K), we obtain control of R'{1 + Uq)‘^~^ 
in L® independent of q. 

li s < p then s G (l,p] and we cite |Bar86] Proposition 2.2 to conclude Uq G hP^’® and 
therefore Uq G L^' {K) with 


1 

Jr 



1 

iV 


6(iV-l). 


Similarly, after k iterations of this process we would hnd Uq belongs to fP^’® with 


(4.93) 


i = 1 i - £(JV - 1)‘ (4.94) 

s n IS 

unless s > p, at which point the bootstrap terminates at Uq G with norm depending 
on (which is independent of q) and on the number of iterations needed to reach 

s < p. Note that since N > 2, we will reach the condition s > p in a hnite number of steps 
independent of q. 

Now consider the bootstrap for the term —R{1 + Uq) alone. Write 


1 

p 



(4.95) 


for some e' > 0. The term —R{1 + Uq) then belongs to L^{K) with 

1 _ 1 1 _ 2 , 1 

t p~^ M n M 


(4.96) 


Note that 1 < t < p and hence [Bar 8 6] Proposition 2.2 implies Uq G fP^’*. Note that the 
norm of Uq in fP^’* depends on the norm of Uq in L^{K) but is otherwise independent of q. 
Consequently Uq is controlled in (K) independent of q where 


1 _ 1 2 _ 1 
M' t n M 


(4.97) 
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After k iterations we would find instead 

1 


(4.98) 


M' 



and the bootstrap stops in finitely many steps independent of q if ke' > 1/M, at which 
point we hnd that Uq G with norm independent of q. There is an exceptional case if 

ke' = 1/M, but it can be avoided by an initial perturbation of M. 

The bootstrap in the full case follows from combining these arguments. □ 

Proof of Theorem \f.3.1\ (2. implies 1.) The Uq are uniformly bounded in by Co¬ 
rollary 14.3.91 for any a G (2 — n, 0). Thus they converge to some u strongly in and 
uniformly on compact sets. In particular, since the Uq weakly solve fl4.72p . ef ■.= u + 1 weakly 
solves 

- aA0 + = R’(t)^-\ (4.99) 

Since each Uq > —1, </> > 0, and since 0 —)■ 1 at inhnity, ^ 0. Hence the weak Harnack 
inequality |Tru73b] implies 0 > 0. 

Since cr G (2 — n, 0) is arbitrary, 0 — 1 G in particular. Note that the rapid decay 
cr ~ 2 — n uses the fact that i? = 0 near inhnity. The lesser decay rate a in the statement 
of the theorem stems from the fact that we may have used a conformal factor in to 
initially set i? = 0 near inhnity or to lower the scalar curvature after changing it to R'. 

(1. implies 2.) Let Z = {R' = 0}. The case where Z has zero measure is trivial, for 
then y{Z) = cxd > 0. Hence we assume Z has positive measure and suppose there exists a 
conformally related metric g' with scalar curvature R'. Let 5 > 5* be hxed and let u be a 
minimizer of Qg\i over A{Z) as provided by Proposition 14.2.1^ Note that 


j R'u^dVg, = 0 


(4.100) 


since R = Q on Z and u = 0 on Z^. Hence 






\U\\g',2,S 


(4.101) 


In particular, Xg^^siZ) > 0, and Xg/^s{Z) = 0 only if u is constant. But Z has positive measure, 
and therefore A{Z) does not contain any constants. Hence Xgi^s{Z) > 0, and Proposition 
14.2.101 implies that Z is Yamabe positive. □ 

This completes the proof of Theorem l4.3.1l Turning to the compact case fTheorem I4.3.2P 
recall that we started the AE argument with the following simplifying hypotheses: 


1. The prescribed scalar curvature R' is bounded. 

2. The prescribed scalar curvature R' has compact support. 

3. The initial scalar curvature R has compact support. 
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The last two of these are trivial if M is compact, and the hrst is justihed by Lemma [4.3.101 
below, which shows that we can lower scalar curvature after hrst solving the problem for 
a scalar curvature that is truncated below. In the compact case we require an additional 
condition which will be used in Lemma [4.3.111 

4. We may assume that the initial scalar curvature R is continuous and negative. Indeed, 
from Proposition 14.2.1^ there is a positive function 0 solving —aA0 + = Xs{M)(j) 

on M. Note that \s{M) < 0 since g is Yamabe negative. Using 0 as the conformal 
factor we obtain a scalar curvature . The hypotheses of Theorem 4.2 are 

conformally invariant and hence unaffected by this change. 

Lemma 4.3.10. Suppose {M,g) is a lU^’^ compact Yamabe negative manifold. Suppose 
R! ^ RP . If 0 > R > R', then there exists a positive 0 with 0 G lU^’^ such that g' = (f>^~‘^g 
has scalar curvature R!. 


Proof. We wish to solve 

- aA0 + i?0 = R'(j)^-\ (4.102) 

Note that 0+ = 1 is a supersolution of equation fl4.1U2p . To hnd a subsolution hrst observe 
that R ^ 0 since the manifold is Yamabe negative. So, since —R > 0 and —R ^ 0, for each 
e > 0 there exists a unique 0^ G solving 


— aA0e — i?0e = —R + eR'. 


(4.103) 


If e = 0 the solution is 1, and since lU^’^ embeds continuously in 
that 0e > 1/2 everywhere. We claim that 0_ := gcf)^: is a subsolution 
small. Indeed, 

+ i?0_ = g [i?(20e — 1)] + geR' 

< geR'. 


we can hx e > 0 such 
if r; > 0 is sufficiently 


(4.104) 


So 0_ is a subsolution so long as 

geR' < R'(P^-\ (4.105) 

A quick computation shows that inequality fl4.105p holds if g is small enough so that g‘^~^ > 
0^“^/e everywhere. We can also take g small enough so that 0_ < 0+ = 1, and hence there 
exists a solution 0 G lU^’^ with 0 > 0_ > 0 of equation (14.1021) ( |Max05] Proposition 2). □ 


The remainder of the proof of Theorem 14.3.21 closely follows the proof of Theorem 14.3.11 
by treating a compact manifold as an asymptotically Euclidean manifold with zero ends. In 
particular, the cited results of Section 14.21 apply equally in both cases, and differences arise 
only when the following facts are cited. 

1 2 

• A constant function in is identically zero. 


• The Laplacian is an isomorphism from 14/^’^ to for a G (2 — n, 0). 

Twice, we use the property that constants in IU/»’^ vanish: once in Lemma [4.3.71 in showing 
1 + Mg ^ 0, and once in the hnal proof of Theorem 14.3. II showing that in the limit 1 + m ^ 0 
as well. The following lemma provides the alternative argument needed to ensure that these 
functions do not vanish identically in the compact case. 
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Lemma 4.3.11. Suppose {M,g) is compact and that Rg is continuous and negative. Fix 
qo G (2,iV). Then ||l + Mq ||2 > C for some C independent of q E {qo,N). Moreover, the limit 
1 + u is not identically zero. 

Proof. Note that for any constant k, 

Fg{k) = {l + kf j R- + kf j R'. (4.106) 

Since / R < 0, for any k ^ —1 close enough to —1, Fq{k) < 0. Indeed, there are constants 
fco > —1 and c > 0 such that Fg(fco) < —c for all q G (go, N). But then 

j R{1 + Uqf < Fq{Uq) < F,(/Co) < “C (4.107) 

since Uq minimizes Fq. Since R is continuous, and thus bounded below, ||1 + Uq\\2 > C for 
some C independent of g G (go, N). Since Uq ^ u in we also have ||1 + u \\2 > C, and so 
1 + M is not identically zero. □ 

We use the fact that ||Am||po- controls ||m||^ 2 ,p twice as well, once in the bootstrap of 
Lemma 14.3.71 and once in the bootstrap of Lemma 14.3.91 However, on a compact manifold, 
IIMII 14 / 2 ,p is controlled by the sum of ||Am||p and ||m|| 2 , and the coercivity estimate from 
Proposition fl4.3.5p ensures that \\uq \\2 is uniformly bounded as g ^ iV. This provides the 
needed extra control for the bootstraps and completes the proof of Theorem 14.3.21 

4.4 Yamabe Classification 

In this section we provide two characterizations of the Yamabe class of an asymptotically 
Euclidean manifold, one in terms of the prescribed scalar curvature problem and one in terms 
of the Yamabe type of the manifold’s compactification. Note that throughout this section 
AE manifolds have at least one end. 

Theorem 4.4.1. Suppose {M,g) is a AE manifold with p > n/2 and a G (2 — ?7,,0). 
Let 77<o be the set of non-positive elements of Vf_ 2 . 

1. M is Yamabe positive if and only if the set of non-positive scalar curvatures of metrics 
conformally equivalent to g is 71 <q. 

2. M is Yamabe null if and only if the set of non-positive scalar curvatures of metrics 
conformally equivalent to g is 77<o \ {0}. 

3. M is Yamabe negative if and only if the set of non-positive scalar curvatures of metrics 
conformally equivalent to g is a strict subset o/77<o \ {0}. 

Proof. It suffices to prove the forward implications. 

1) Suppose M is Yamabe positive, and hence so is every subset. If R' G 77<o, then 
{R' = 0} is Yamabe positive and Theorem 14.3.11 implies [g] includes a metric with scalar 
curvature R'. 
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2) Suppose M is Yamabe null. Since M is open and connected, Lemma 14.2.161 implies 
that if E O M has positive measure, then M\E is Yamabe positive. Hence for any R' G TZ<o 
with i?' < 0 on a set of positive measure, {R' = 0} is Yamabe positive, and Theorem 14.3.11 
implies we can conformally transform to a metric with scalar curvature R'. But i?' = 0 is 
impossible, for otherwise Theorem 14.3. II would imply M is Yamabe positive. 

3) Suppose M is Yamabe negative. Since M is open. Lemma 14.2.171 shows that there 
is a nonempty open set IT C M such that M \ W is also Yamabe negative. Suppose 

2 is non-positive and supported in W. Then {R' = 0} contains M\W and is hence 
Yamabe negative. But then Theorem 14.3.11 shows that we cannot conformally transform to 
a metric with scalar curvature R'. In particular, i?' = 0 is one of the unattainable scalar 
curvatures. □ 

While Theorem 14.4.11 completely describes the set of allowable scalar curvatures in cases 
1) and 2), it does not in case 3). Of course, we already have demonstrated a necessary and 
sufficient criterion for being able to make the conformal change: the zero set of R' must 
be Yamabe positive. Nevertheless, it would be desirable to describe this situation more 
explicitly, and there are a few things that can be said. First, by Lemma 14.2.151 if R' G 77.<o 
and the weighted volume of {R' = 0} is sufficiently small, then {R' = 0} is Yamabe positive, 
and thus g is conformally equivalent to a metric with scalar curvature R'. In particular, if 
R' < ff everywhere, then it is attainable. Conversely, by Lemma 14.2.171 for any sequence 
{R'k} C R<o such that {R'^ < 0} C Bij^^Xo) for some hxed Xq G M, then for k large enough, 
{R'f. = 0} is Yamabe negative, and thus g is not conformally equivalent to a metric with 
scalar curvature R'^. That is, the strictly negative part of R' cannot be constrained to a 
small ball. Similarly, an argument analogous to the proof of Lemma 14.2.171 shows that the 
complement of a sufficiently “small” neighborhood of inhnity is Yamabe negative, and hence 
the strictly negative part of R' cannot be constrained to a small neighborhood of inhnity. 

Our second characterization of the Yamabe class of an AE manifold involves its com- 
pactihcation. An AE manifold can be compactihed using a conformal factor that decays 
suitably at inhnity, and a compact manifold can be transformed into an AE manifold using 
a conformal factor with a suitably singularity. We would like to show that the sign of the 
Yamabe invariant is preserved under these operations, and we begin by laying out the de¬ 
tails of the compactihcation/decompactihcation procedure. In particular, there is a precise 
relationship between the decay of the metric at inhnity and its smoothness at the point of 
compactihcation. 

Lemma 4.4.2. Let p > n/2 and let a = ^ — 2, so —2 < a < 0. Suppose {M,g) is a 
AE manifold. There is a smooth eonformal factor 0 that decays to infinity at the rate 
such that g = 4>^~‘^g extends to a metric on the compactification M . 

Conversely, suppose {M,g) is a compact IF^’^ manifold, with p > n/2 and p ^ n. Given 
a finite set V of points in M there is conformal factor 0 that is smooth on M = M \ V, 
has a singularity of order at each point ofV, and such that g = 4> g is a AE 

manifold with a = - — 2. 

Proof. For simplicity we treat the case of only one end. 

Let (M, g) be a kFj’^ AE manifold and let z'‘ be the Euclidean end coordinates on M, so 

gij=eij + kij, (4.108) 
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with k G Let x'‘ be coordinates given by the Kelvin transform x* = so 

z® = x®/|xp as well. 

We dehne a conformal factor 0 = Yp"®® near inhnity, and extend it to be smooth on the 
rest of M. Let g = and let M be the one-point compactihcation of M, with P being 

the point at inhnity. We wish to show that g extends to a metric. 

Near P, = \z\~'^ and 


9ij ^ 




(4.109) 


where 


k - — k- 

rvij .— rvij 


\X 


4 4 

—x'^kaiiXj) + kabXiXj =0{k). 


(4.110) 


and Xa = Since kij —)■ 0 at P, we set gij{P) = Cij to obtain a continuous metric, and 

we need to show that k G W^’^(M). Since k G and since a point is a removable 

set, we need only show that the second derivatives of k belong to U’{B) for some coordinate 
ball B containing P. 


Let d represent the derivatives in x® coordinates. Since = 0(|x| ^), we calculate 


Bk = 0{dk)0{\z\^) + 0{k)0{\z\) 

B^k = 0{d^k)0{\z\^) + 0{ak)0{\z\^) + 0{k)0{\z\^). 


(4.111) 


In order to show B'^k G L^{B), it is sufficient to show that each of the three terms in equation 
fl4.11ip is in IP{B). 

Note that near inhnity 

dV = B^dV = \z\-^^dV. (4.112) 

Hence the norm of the 0{k)0{\z\‘^) term of equation (14.1111) is controlled by 


{0{k)0{\z\^)Y \z\-^^dV = j O {\k\P) O {\zY-^Y dV 

<c\\k\\i,,, 


(4.113) 


where we have used the equality 


2p — 2n = —n — ap (4.114) 

and expression (12.11) dehning the weighted norm. Hence the 0{k)0{\z\‘^) term of equation 
(14.1111) belongs to L‘p{B). The two remaining terms have the same asymptotics and similar 
calculations show that they belong to L^(P) as well. 

For the converse, consider a compact manifold {M,g) with p > n/2 and p ^ n. 
Let P be a point to remove to obtain M = M \ {P}. Since 'g is continuous we can hnd 
smooth coordinates x® near P such that 'g = e + k for some k G which vanishes at P. 
Moreover, if p > n then g has Holder continuous derivatives and the proof of Proposition 
1.25 in |Aub98] shows we can additionally assume these are normal coordinates (i.e., the 
hrst derivatives of k vanish at P). Finally, since the result we seek only involves properties 
of k local to P, we can assume that k = 0 except in a small coordinate ball B near P. 
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We claim there is a constant C such that 



<C [ Id^kfdV 

J B 



^■^^dV<C [ \d'^k\PdV. 
Fr Jb 


and 


(4.115) 

(4.116) 


Assuming for the moment that this claim is true, let Zi = Xi/\x\^. Let </> = \x\^ "■ near P 

— —N-2_ 

and extend 0 as a positive smooth function on the remainder of M. Let g = <p g- Near 
P, cj) = \x\~^ and so g = e + k near inhnity, where 


kij ■ kij j^j2^ 4 “ |^| 4 '^ ^ k^bZiZj 0{k^. 

Since k G hhjof, we need only establish the desired asymptotics at inhnity. 
A computation similar to the one leading to equation fl4.11ip shows 

dk = 0{dk)0{\x\^) + 0(k)0{\x\) 
d^k = 0{d‘^k)0{\x\^) + 0{dk)0{\x\^) + 0(k)0{\x\^). 

Also, dV = \z\~‘^'^dV near P. Hence 


(4.117) 


(4.118) 


j \d‘^k\P\z\^P-^^dV 


\d^k\P\x\-^P\x\^^dV 


(4.119) 


J {0{d^k)Y + {0{dk)0{\x\-^)Y + {0{k)0{\x\-^)Y dV. (4.120) 


From inequalities fl4.115p and fl4.116p . quantity (14.1201) is hnite. Noting 

4p — 2n = —n — ap + 2p (4.121) 

we conclude G L^_ 2 , as desired. A similar calculation shows that \dk\ G L^_i and 

\k\ G L^. This concludes the proof, up to establishing inequalities fl4.115p and fl4.116p . 
Theorem 1.3 of |Bar86] implies that 

(4.122) 

for smooth functions / that are compactly supported in B and vanish in a neighborhood of 
P. This inequality relies on the fact that p n, which corresponds to the condition 5 = 0 
in |Bar86] Theorem 1.3. 

Let fn be a sequence of smooth functions vanishing near P that converges to k in 
such a sequence exists since fc = 0 at P, since Sfc = 0 at P if p > n, and since we have 
assumed that k vanishes outside of B. By reduction to a subsequence we may assume that 
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the values and first derivatives of sequence converge pointwise a.e., and using Fatou’s Lemma 
we find 



< liminf 

n—>-oo 



\fn\^ 

IxpP 


< (F lim [ \d^fn\^dV (4.123) 

Jb 

= C [ \d^k\PdV < oo. 

Jb 

This is inequality (14.1 ISp . and a similar argument shows that inequality fl4.116p holds as 
well. □ 


The threshold a = —2 in Lemma 14.4.21 arises because there is a connection between 
the rate of decay of the AE metric and the rate of convergence of the metric at the point 
of compactihcation in a chosen coordinate system: roughly speaking, decay of order p" 
corresponds to convergence at a rate of r“". For a generic smooth metric we can use normal 
coordinates to obtain convergence at a rate of but we cannot expect to do better generally. 
Hence the decompactihcation of a smooth metric typically does not decay faster than p~^. 
Looking at the proof of Lemma 14.4.21 we note that it can be readily extended to s > 2 to 
show that a AE metric with s > 2, p > n/s and a = {n/p) — s can be compactihed to 
a metric. But the decay condition a = {n/p) — s is quite restrictive for s > 2: smooth 
metrics decompactify generally to metrics with decay 0{p~^), but compactihcation of a PF^f 
metric would not be known to be C^, regardless of how high s and p are. A more rehned 
analysis for s > 2 would need to take into account asymptotics of the Weyl or Cotton-York 
tensor, and we point to Herzlich |Her97j for related results in the setting. 

Proposition 4.4.3. Let {M,g) and (M,^) be a pair of manifolds as in Lemma 

— N — 2 _ 

byg = (t) g. Thenyg{M) =yg{M). 

Proof. For simplicity we assume that M has one end. Let P E M he the singular point of 
<p. Note that Wf’'^{M) is dense in PF/*^(M) and that 


f.f.2, related 


Sp := W^’‘^{M) n {u : u\bpp) = 0 for some r > 0} (4.124) 

is dense in PF^’^(M) since 2 < n. From upper semicontinuity of the Yamabe quotient, the 
Yamabe invariants of g and g can be computed by minimizing the Yamabe quotient over 
IVf’^ and Sp respectively. Note that u i-e- c/u is a bijection between Wf’‘^{M) and Sp. The 
proof of Lemma [4.2.71 shows that for u G PF^)’^, 


Qg(«) = Q|(0W) 


(4.125) 


and hence yg{M) = yg{M). □ 

Combining Lemma 14.4.21 and Proposition 14.4.31 we obtain our second classihcation. 

Proposition 4.4.4. Let {M,g) be a PF^’^ AE manifold with a < ^ — 2. Then {M,g) is 
Yamabe positive/negative/null if and only if some conformal compactification, as described 
in Lemma [^..^.4 has the same Yamabe type. 
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Consequently, Yamabe classification on AE manifolds has the same topological flavor 
as in the compact setting. For instance, since the torus does not allow a Yamabe positive 
metric, the decompactified torus, which is diffeomorphic to M” with a handle, does not allow 
a metric with nonnegative scalar curvature. 

We mention an application of Proposition 14.4.41 to general relativity. Recall the Einstein 
constraint equations, fll.2p . which initial data {M, g, K,Tnn,Tni) in general relativity must 
satisfy. It is natural to suppose that the energy density is everywhere nonnegative, 
which is known as the weak energy condition. If the initial data is maximal, i.e., if the 
mean curvature tr K is zero, then the weak energy condition implies R > 0. Thus, if the 
compactification of an AE manifold has a topology that does not admit a Yamabe positive 
metric, then the original AE manifold does not allow maximal initial data satisfying the weak 
energy condition. We mention that the results in |IMPn2j show that every AE manifold does 
admit some solution of the constraints. 
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Chapter 5 

Solutions of the Conformal Constraint 
Equations 


In this chapter, we hnd solutions of the conformal constraint equations fll.3p following the 
setup introduced in [HNT09] and |Max09] . This method, based on a hxed point theorem, is 
the hrst to allow solutions with arbitrary mean curvatures. In Sections 15.II and 15.21 we prove 
the appropriate analogues on asymptotically Euclidean manifolds. This is mostly work with 
Isenberg, Mazzeo, and Meier from |DIMM14] . 

Nguyen |Ngul4| later showed via a scaling argument that these solutions with arbitrary 
mean curvatures could alternatively be interpreted as rescalings of perturbations of CMC 
results. We discuss this argument. Also, Nguyen presented a new method for Ending solu¬ 
tions to the conformal constraint equations, using half-continuity and a fixed point theorem. 
In Section [531 we present a simpler proof of his result, and marginally strengthen it. 


5.1 The Fixed Point Approach 

A standard method of solving differential (and other) equations is the fixed point method. 
In this method, one first finds a functional whose fixed points are solutions of the desired 
equation. One then uses a priori estimates and other properties of the functional to fulfill the 
conditions of one of the many fixed point theorems, such as the Schauder fixed point theorem. 
These theorems guarantee fixed points of functionals under very general circumstances. A 
good introduction to these techniques is found in |Bro04j . 

One of the first and most important fixed point theorems is the Brouwer fixed point 
theorem. In its basic form, it says that any continuous function from a ball in M” to the 
same ball has a fixed point. Many other fixed point theorems, such as the ones we use in this 
chapter, the Schauder fixed point theorem and the Leray-Schauder alternative, are based on 
the Brouwer fixed point theorem. We now state the Schauder fixed point theorem. 

Theorem 5.1.1 (Schauder Fixed Point Theorem). Let S be a closed convex subset of a 
normed linear space X and let F : S ^ S be a compact map. Then F has a fixed point. 

We introduce the map F that we use in this chapter. In essence, the map F is an 
iteration map, taking a function 0, solving the vector equation for some W using that 0, and 
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then solving the Lichnerowicz equation using that W. In this way, we iterate the coupling, 
which allows us to hnd solutions at each step. This is similar to the proof of the sub and 
supersolution theorem 12.1.71 where we set up an iteration scheme, using the solution of the 
previous step in order to £x the nonlinearity of the equation —aAu = f{x,u). 

To be more precise, for any positive function v G L°°, let W{v) be the solution in 
of the vector equation fll.3bj) with v replacing (j). Let G{W) to be the solution of 
the Lichnerowicz equation using W such that G{W) — -u G where u is the desired 

asymptotic function. Let E : —)■ L°° be the compact Sobolev embedding map give 

by Proposition 12.0.11 We then dehne F{v) := {E o G o W){v). Clearly, if F(0) = 0, then 
(0, W{(j))) is a solution to the conformal constraint equations fll.Sp . 

In order for E to be well dehned, there are two requirements. First, for the vector equation 
to have a solution, we must require that g has no conformal Killing helds. Recall that if 
p > n and g is a or (7^’“ AE manifold, then this is known to be true (cf. Theorem 
I2.1.4p . Next, for the Lichnerowicz equation to have a solution, we must assume that the 
seed data is admissible (cf. Dehnition I3.0.10P : i.e., that there is a conformal factor 0 that 
transforms the metric to one with scalar curvature —kt^. 

In order to dehne the domain set S, recall the dehnition of global sub and supersolutions. 

Definition 5.1.2. Functions 0± are “global sub and supersolutions” of the Lichnerowicz 
equation fll.3ap if for any 0 < 0+, 0+ zs a supersolution and 0_ is a subsolution of the 
Lichnerowicz equation with W = IF(0). 

Suppose we could hnd global sub and supersolutions 0± with properties as in the sub 
and supersolution theorem 12.1.71 Then 5 = {0 G L°° : 0_ < 0 < 0+} is clearly closed and 
convex, and by the sub and supersolution theorem, E : S ^ S. 

In order to show that E is compact, hrst recall that the composition of compact maps and 
continuous maps is compact. The solution map W is continuous by the continuity of (p^ and 
of (div^L) . The map E is compact. Thus we only need to show that G is continuous. 
We show that it is in fact G^ in the following lemma. 

Lemma 5.1.3. Given appropriately regular and admissible data, the solution map G : 
IL0^’^ —)■ IL0^’^ is continuously Gateaux differentiable. A similar statement holds for Gf°‘ 
data. 


Proof. This lemma follows from the implicit function theorem. The proof we give here is 
essentially the same as is used in proving |Max09P Prop 13], which is the equivalent result for 
compact manifolds. Since the proof is identical for data, we only prove the hrst case. 
For brevity, we equivalently prove that the solution map G is continuous on the quantity 


0 = a+^LW. 


Let 00 £ set 0o = G^(0o)- We then dehne G(0) := 0o^^(V'o/^)- Thus, for 


~ / 

9 = n 

of 


g and r = 0 q ^ , conformal covariance 11.1.11 implies that 0 = G(0) is the solution 


- aAgp + Rgp + Kr^0^ ^ - |0||0 ^ - r0 = = 0 


(5.1) 


such that 0 — 1 G . 

^ Thus to show that G is continuous in a neighborhood of 00, we only need to show that 
G is continuous near 00^00. We remark that G(00^0o) = 1. 
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(5.2) 


We define the map $ : x L ^_2 by 

<h(0,/3) = -aAg(j) + Rg(j) + -rcj)-^. 

Note that ^{G{/3), /3) = 0. The Gateaux derivative of $ is given by 


k) = —aAgh + Rgh + K{q — 

+ (g + k) + ^rcl)~2~^h. (5.3) 

Thus 

0) = —aAgh + Rgh + K{q — l)r^/i — {q + l)\(3\‘^h — (5.4) 

However, since G{'iPq‘^(3o) = 1, we have that 

Rg =-kt‘^ + \^o\'^ + r, (5.5) 


and so 


T><hi,/3o(h,0) = -aAgh + 


n{q-2y + {q + 2m^ + 


(5.6) 


Since the coefficient of h is positive and is contained in T ^_2 by assumption, we see from 
Proposition 12.1.41 that : Wg’^ —?• L^g _2 is an isomorphism. The implicit function 

theorem on Banach spaces then implies that G is G^ in a neighborhood of /do- □ 


On compact manifolds. Maxwell [MaxOQ] showed that, in fact, no global subsolution is 
needed to construct a solution of the conformal constraint equations. For Yamabe non¬ 
negative metrics, he proves this using a Green’s function argument to hnd a uniform lower 
bound on solutions. In the Yamabe negative case, he uses a conformal factor transforming 
the metric to one with scalar curvature —as a global subsolution. In the asymptotically 
Euclidean case, this conformal factor argument works for all Yamabe classes, which makes 
the argument simpler. We obtain the following existence theorem. 


Theorem 5.1.4. Assume that the admissible seed data {g,T, N,a,r, J) has the regularity 
specified in fl3.ip . Assume that r > 0 and that g admits no conformal Killing fields. Sup¬ 
pose there exists a positive global supersolution satisfying the hypotheses of the sub and 
supersolution theorem \2.1.A Then for any asymptotic function u with asymptotics less than 
that of (fg., there exist (0, W) solving the conformal constraint equations fll.3p such that 0 is 
positive and 0 — u and W are in 

A similar statement holds for Gf^ data. 


Proof. We hrst hnd a global subsolution. Since the data is admissible, let 0 be the positive 
conformal factor transforming the metric to one with scalar curvature —kt‘^. Let 0_ = afi. 
As in the proof of Theorem 13.0.91 0_ is a subsolution of the Lichnerowicz equation fll.3ap 
for any a < 1, regardless of what W is. Thus 0_ is a global subsolution. We then choose a 
small enough such that 0_ < 0+ and such that the asymptotics of u are greater than those 
of 0_. 
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The sub and supersolution theorem 12.1.71 and the uniqueness theorem 13.0.111 now guar¬ 
antee that the solution map G is well defined. Since are global sub and super solutions, 
F maps S' := {0 G ■ (j)- < 4> < 0+} into itself. As discussed above, F is also a compact 
map. Thus the Schauder fixed point theorem 15.1.11 shows there is a fixed point 0 of F. Thus 
(0, W{(j))) is a solution to the conformal constraint equations. □ 

Theorem 15.1.41 shows that, for any fixed choice of the seed data {g,T, N,a,r, J) and 
supersolution 0 + satisfying the hypotheses of the theorem, there is at least a /c-dimensional 
family of solutions (where k is the number of ends), parameterized by the product of the 
intervals (0,0+,*], where 0+ —)■ 0+,* on the end Ft. This nonuniqueness leads one to enquire 
about the full extent of these families of solutions: for what asymptotic functions u are 
there solutions of the conformal constraint equations? Unfortunately, neither the necessary 
analysis of the linearizations of the operators in fll.3p . nor the a priori estimates for the 
solutions, is clear at this time, so we do not yet have more definitive results on the full 
family of solutions. 

5.2 Global Supersolutions 

We have reduced the problem finding solutions of the conformal constraint equations fll.3l) 
to that of finding an appropriate global supersolution. We now present two lemmas which 
prove useful in finding such supersolutions. 

Lemma 5.2.1. Assume that g is a AE metric with vanishing scalar curvature. There 
is a unique solution w to —aAw = p^~‘^ with w = + w, = ( 7 ^ + {n — 2 ) 7 )“^, and 

w G Wy^ where 7 ' = 27 if this number is greater than 2 — n (or else 7 ' G (2 — n, 7 ) ). 

Similarly, if g is a AE metric then this unique solution w decomposes as c.yp'^ -f w, 
with w G Cy“. 

Proof. Write w = c.y p'^ + w and let ^ be a metric which agrees with g away from the 
ends but is exactly Euclidean on each Ej. Then we must solve 

(-aA R)w = - Cj(-aAg + Rg)p^) - G ((-aA + R) - {-aAg + Rg)) p^. (5.7) 

The first term on the right is with compact support, while the second term lies in L^.y_ 2 -i 
so the entire right hand side lies in L^.y _2 C Ly_ 2 - The result follows from Theorem 12.1.41 
The proof in the Holder setting is the same. □ 

The second lemma is a slight weakening of the elliptic estimate (12.Sh . which is adequate 
for our purposes. 

Lemma 5.2.2. If {M,g) is AE and has no conformal Killing fields, and if f ^ 
p > n, then the unique solution W G to div^LlU = / satisfies 

\\LW\U<C,p^-^f\\g,s-2. (5.8) 
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Proof. Combining fl2.8p and Sobolev embedding 12.0.11 we get 


p'-‘\Lw\ < ||w||c._. < ciiiwii^,. < c; 


W. 


2,P 


<Ci 


p,S-2, 


(5.9) 


which implies flb.Sh . 


□ 


In the first main result of this section we construct global super solutions, allowing the 
mean curvature to be arbitrary but requiring that the other data (except the metric) be 
quite small. 

Theorem 5.2.3 (Far-from-CMC Global Supersolution). Suppose that {M,g) is a 
Yamabe positive AE manifold, with p > n and 7 G (2 — u, 0), and set 5 = ^/2. Fix r G 
and N G W^’^. Suppose a G nonnegative r G and J G o.re sufficiently small 

(depending on r, g and n). Then, for any u, there exists a global supersolution 0+ > 0 with 
(j)+ — gu E W'^f for some constant g > 0 and any 7 ' > 7 . 

Similarly, if (M, g) is a Yamabe positive AE manifold, and if the corresponding 
Holder norms of a, J and p are sufficiently small, then there exists a global supersolution 
0 + with (j)+ — gu E (7.^’“ for some g > 0. 

The main ideas used in this proof are similar to those used in the compact case, but 
there are new issues arising in the construction of the supersolution on each end. Because 
the proofs in the Sobolev and Holder settings are identical, we present only the former. 

Proof. Since g is Yamabe positive, by conformal covariance 11.1.11 we may assume without 
loss of generality that i? = 0. By Lemma [5.2.11 there exists a (unique) T = u + c^p'^ + T, 
with T G , such that 

- aAT = (5.10) 

or equivalently 

- aA(T - u) = (5.11) 

Note that, by the maximum principles 12 . 1.21 and 12.1.31 T > 0. 

Now set 0+ = r/T, where the constant 7 > 0 is to be chosen below. We claim that, for 
appropriate g, 0+ is a global supersolution. To verify this, we first note that from fl5.8p . with 
/ = Kcf’^dr + J, we have 

\\LW\U < Cp'-‘ (l|<ir||,,j_2||.^||?„ + II , (5.12) 


and hence 


a 


2N 


-LW 


< + ikii7i-i + ikiip-j). 
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(5.13) 


Since T decays at the precise rate p^ (and is strictly positive), then deleting subscripts 
denoting the norms for simplicity, we calculate 


— aA0+ + ^ — 






> 


^ ^ ||^|| 2 ) ^ c,g-<^P\\r\\) . (5.14) 
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The constants Ci, C 2 and C 3 depend only on p, N, and the dimension n. Since 26 — 2 = 
7 — 2 < 0 and g — 1 > 1, we hrst choose rj snfficiently small so that 

> 0, (5.15) 

and then choose ||cr||, || J|| and ||p|| snfficiently small (depending on Ci, F, n and 7 ), so that 

(C2r,-«-‘(lkf + II J||") + Csr,-«/^||p||) > 0 (5.16) 

as well. This proves that 0+ is a global snpersolntion. □ 

The second main resnlt is the existence of a global snpersolntion for near-CMC data, i.e., 
where dr is snfficiently small as compared to r. 

Theorem 5.2.4 (Near-CMC Global Snpersolntion). Suppose that {M,g) is a Yamabe 
positive AE manifold, where 7 G (2 — n, 0), and set 6 = 7 / 2 . Fix data r G N G Cf°‘, 
a G nonnegative r G ^ ^l-2- Then, there exists a constant B > 0, 

depending on the seed data, but not on r, such that if r satisfies — i?||dr|P o,c« > 0 , 

^ 5-2 

then there exists a global supersolution 0 + > 0 with (j)+ — rj E for any constant 7 > 0 
sufficiently large. 

Remark 5.2.5. The hypothesis — R||(ir|P o,a > 0 zs precisely where the use of Holder 

^S-2 

rather than Sobolev data is important for asymptotically Euclidean data. Indeed, ifr satisfies 
this ineguality, then in particular, r > Cp^~^, so the norm ofr in L^§_i is necessarily infinite. 
The condition — i?||(ir|P o.c > 0, which in particular imposes a lower bound on 

^ 5-2 

the decay of t and reguires that r never vanishes, may not be fulfilled by any functions r. 
Indeed, as we show in Chapter\^ similar near-CMC conditions are not always fulfilled. 

Proof. Since r never vanishes, the data is admissible (cf. Dehnition Id.O.lOp . and so by 
conformal covariance 11.1.11 we may assnme withont loss of generality that R = —kt"^. By 
Theorem 12.1.41 there exists a solntion u to 

— aAu = r\a\'^ (5.17) 

with n — 1 G Cf^". Indeed, this is eqnivalent to 

-aA(M-l) = r + |ap>0, (5.18) 

and so the maximnm principle 12.1.21 shows that m > 1. By the estimate fl2.10p . snpn is 
bonnded and depends only on r, |cr| and g. 

Now set 0+ = rju, where 7 is chosen below, and using estimate (15.121) and the inequality 
0 < 0 +, we have 

\LW\^ < CV^-2((snp0)^||dr|| 0 ,. + ||J|1 o,.)^ 

0—2 0—2 

< 2C'^p^‘^"^((sup7M)^'^||(ir||L.« + || J||po.a ) 

^ 6-2 ^ 5-2 

< 2C‘^p^^~‘^ ("(sup m)^'? 11 dr 11 La + ||J||L,a) ; (5.19) 

\ '“^5 — 2 ^5 — 2 / 
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the constant C is the same one appearing in fl5.12l) . 

Dropping the snbscripts on the norms, and nsing the fact that for some 

C > 0, we calcnlate 


aA0+ — + kt‘^( j)\ ^ 






-q/2 


> ^ + T\r] — (rju) — 


r(j). 


a + LW 

2N 


0 / ^ + \cT\r] 


> -K,T^ [{r]uy ^ - r]u - C\\J\\\\t\\ ‘^{r]u) ^] + (r^n)'*' ^ 


- Cp^^-^supundrf 


>0, (5.20) 


for all rj large enongh, as long as 

C'p2^-2(snpn)2'?||dr||2 <r2, (5.21) 

which has been assnmed. This shows that 0+ is a global snpersolntion. □ 

We now present a scaling argnment of Ngnyen |Ngnl4| , which shows that the far-from- 
CMC resnlt 15.2.31 is simply a rescaling of a near-CMC resnlt. 

Proposition 5.2.6. (0, hh) is a solution of the conformal constraint equation (II.dh for the 
seed data {g,T, N, a,r, J) if and only if (C“^0, is a solution of the conformal 

constraint equations for the data {g, N, J). 

Proof. Flagging the scaled data and solntions into conformal constraint eqnations gives this 
immediately. □ 

Corollary 5.2.7. Given a far-from-CMC solution to the conformal constraint equations, as 
given by Theorem \5.2.ti\ there is a solution of the conformal constraint equations equivalent 
to it, in the sense of Proposition [07^ which is a perturbation of the CMC case, r = 0. 

It is well known (see |CBIY00] ) that pertnrbations of the CMC case always lead to 
solntions of the conformal constraint eqnations. This means that the far-from-CMC resnlt 
is simply the rescaling of a previonsly known near-CMC resnlt. This means, nnfortnnately, 
that virtnally nothing is known abont the far-from-CMC case in the general sense, i.e., with 
(T, r and J arbitrary. We do note that most existing near-CMC resnlts reqnire that dr be 
snfficiently small as compared to infr^, or similar, while the near-CMC condition for the 
pertnrbation of r = 0 is that the Wl’\ norm is snfficiently small. In particniar, r can have 
zeroes. 

It is also interesting to consider the range of allowed asymptotic fnnctions. The far- 
from-CMC resnlt allows only very small asymptotic fnnctions, while this rescaled near-CMC 
resnlt allows arbitrarily large asymptotic fnnctions, as long as r is snfficiently small. Since 
all asymptotic fnnctions are allowed if the seed data (r, a, r, J) vanishes (since we are then 
jnst solving A0 = 0), this leads one to wonder whether large asymptotic fnnctions are only 
ever attainable if r is small. 
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5.3 Local Supersolutions 

The search for global supersolutions for more general cases than those considered in the 
previous section has been very difficult, partly since any such construction seems to require 
an estimate on LW like fl5.12p . which in turn seems to allow only either r to be small or the 
rest of the data to be small. However, requiring a global supersolution in order for solutions 
of the conformal constraints to exist is likely stricter than necessary. In order to give new 
tools for hnding solutions to the conformal constraint equations, Nguyen introduced the idea 
of “local supersolutions.” 

Definition 5.3.1. A function 0+ G L°° is a “local supersolution” of the conformal constraint 
equations if for every positive function 0 < 0+ with (j) = (j)+ somewhere, there exists p E M 
such that F{(fi){p) < (f>{p). (For the definition of F, see Section \57T\ ) 

Local supersolutions are more general than global supersolutions. 

Proposition 5.3.2. A global supersolution is a local supersolution. 

Proof. Let 0+ be a global supersolution, and suppose 0 is a positive function such that 
0 < 0+ and 0(p) = 0+(p) at p G M. Then, by the dehnition of global supersolution, 
F{(j)){p) < 0+(p) = 0(p), and thus 0+ is a local supersolution. □ 

Nguyen originally used the idea of half-continuity along with a fixed point theorem al¬ 
lowing for half-continuous maps to show that the existence of a local supersolution leads to 
a solution of the conformal constraint equations. The following result is Theorem 4.12 in 
|Ngul4| . 

Theorem 5.3.3. Suppose the seed data (p, a, 1/2, r, 0,0), M compact, p > n, are such 
that the zero set of r has zero measure and g allows no conformal Killing fields. If g is 
Yamabe nonnegative, assume a ^ 0. If g is Yamabe negative, assume there is a conformal 
factor changing the metric to one with scalar curvature —kt"^. Let F : L°° —)■ L°° be the 
iteration map for the constraint equations, as described in Section I5.il If there exists a 
local supersolution xjj, then there exists a fixed point 0 for F with (f> < fj. In particular, the 
conformal constraint equations have a solution. 

The seeming advantage of this result over using a global supersolution is that one needs 
only to check that the solution is smaller at a single point, rather than on the entire manifold. 
We present a simpler proof of a slightly stronger result. The new proof is based on the Leray- 
Schauder alternative. 

Theorem 5.3.4 (Leray-Schauder Alternative). Let F : X ^ X be a compact, continuous 
map of a normed linear space. Let Q be a bounded star-shaped open subset of X containing 
0, and suppose that x G dfl implies that F{x) ^ Xx for any A > 1. Then F has a fixed point 
on n. 

Theorem 5.3.5. Let {g, r, N, a, r, J) be seed data. Suppose g has no conformal Killing fields. 
If M is AE, suppose the data is admissible. If M compact and g is Yamabe nonnegative, 
assume a ^ 0. If M is compact and g is Yamabe negative, assume there is a conformal 










factor changing the metric to one with scalar curvature Suppose there exists G 

such that for any t) < (f < f), with inf |0 — -01 = 0, that F{(l)) ^ A0 for all X > 1. Then there 
exists a fixed point 0 for F with (f < f). In particular, the conformal constraint eguations 
have a solution. 

Proof. Define F'{(j)) = F{\(j)\). The map F : L°° —)■ L°° is a compact continuous map by the 
proof of Theorem 15.1.41 and so F' is as well. Thus we only need to hnd an appropriate set 
D, as in Theorem 15.3.41 

Let D = {0 G : —fj < cf < fj}. Clearly D is bounded, open, star-shaped, and contains 
zero. Suppose there were some 0 G dQ and A > 1 such that F'{(j)) = Xcf). In particular, this 
means that inf |0 — -01 = 0. Since F' outputs only positive solutions, 0 > 0. By assumption, 
there are no such <f. Thus D fulfills the conditions of Theorem 15.3.41 and so F' has a hxed 
point 0 with 0 > 0. Since 0 > 0, F'{(j)) = F{(l)), and so F has a fixed point as well. □ 

Note that for M compact, inf 10 — 01 =0 means 0 = 0 somewhere. For AE manifolds, 
though, 0 may not equal 0 anywhere. 

Other than applying to AE manifolds. Theorem 15.3.51 has a few advantages over Theorem 
15.3.31 The main advantage is that one only needs to show that E(0) 0 A0 instead of showing 
that F(0)(p) < 0(p) for appropriate 0, a slightly more general condition. This allows one 
to assume that the solution for the Lichnerowicz equation is a multiple of the function one 
began with, rather than an arbitrary solution. Unfortunately, no local supersolution that is 
not also a global supersolution has yet been found. 
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Chapter 6 

The Limit Equation Criterion 


Another method of hnding solutions to the conformal constraint equations fll.Sp is the limit 
equation criterion, originally introduced in |DGH12] . This result says that if a particular 
equation, called the limit equation, has no solutions, then the conformal constraint equations 
have a solution. To be precise, the main result of |DGH12] says the following: 

Theorem 6.0.6. Suppose the seed data (s', a, 1/2, r, 0,0), M compact, p > n, are such that 
r > 0 and g allows no conformal Killing fields. If g is Yamabe nonnegative, assume a ^ 0. 
If g is Yamabe negative, assume there is a conformal factor changing the metric to one with 
scalar curvature —kt^. Then at least one of he following holds: 

• The conformal constraint eguations fll.Op admit a solution (0, W) with 0 > 0. Further¬ 
more, the set of solutions (0, IT) G W'^’^ x is compact. 

• There exists a nontrivial solution W G of the limit eguation 

dr 

dKLW = ao^/l/K\LW\— ( 6 . 1 ) 

r 


for some Oq ^ (0, !]■ 

The name “limit equation” comes from the original method of proof. In [DGH12] . they 
hrst show that a “subcritical” version of the conformal constraint equations always have 
a solution. They make the equations subcritical by changing the exponent of 0 in the 
vector equation fll.Obp from qtoq — e. This allows global supersolutions to be easily found. 
Dahl, Gicquaud, and Humbert then show that if a sequence of these solutions with e —)■ 0 
are bounded, then they must converge to a solution of the original equation. If they are 
unbounded, then they must converge to a solution of the limit equation fl 6 .ip . Since then, 
another, simpler method has been found for setting up the sequence (cf. |Ngul4| ), though 
the argument for convergence is essentially the same. 

The two conclusions of Theorem 16.0.61 are not a dichotomy. Nguyen in |Ngul4| showed 
that there is seed data on the sphere that allows solutions to both the conformal constraint 
equations and the limit equation. Thus, unfortunately, the use of the limit equation is 
limited to the case mentioned earlier. If one can show, for particular seed data, that the 
limit equation has no solutions, then the conformal constraint equations must have a solution. 
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Though the limit equation criterion itself is not limited to this case, the criterion has only 
been successfully applied for near-CMC seed data. In particular, in |DGH12j . they find that 
the limit equation fib.ip has no nontrivial solutions if either the or L"' norm of dr/r is 
sufficiently small. The reason it is difficult to prove stronger results is that the usual method 
of proving nonexistence is to find an estimate for the right hand side of fl6.ip that provides 
a contradiction. In order to do this, seemingly the only tool that one has is to make dr/r 
small, since LW appears on both sides of the limit equation. 

In this chapter, we prove most of the limit equation criterion in the AE setting, except 
for the vital condition that the solution W of the limit equation must be nontrivial. The 
proof breaks down only at this point. It can be repaired if the data is near-CMC. Since 
the compact case has only been applied to near-CMC data, this seems like a reasonable 
assumption. However, since we must also require that r —)■ 0 at infinity and that r > 0, 
arbitrarily near-CMC data does not exist, and thus the near-CMC condition is very difficult 
to check. This chapter is based on an unpublished collaboration with Jim Isenberg and 
Romain Cicquaud. 

6.1 Setup on Asymptotically Euclidean Manifolds 

The main difficulty in translating the limit equation criterion to asymptotically Euclidean 
manifolds is the fall off rate of r. In the original proof, the assumption that r > e > 0 is 
vital; this is most easily seen by noticing that we divide by r in the limit equation fl6.ip . 
However, for the seed data to lead to asymptotically Euclidean initial data, r must converge 
to zero. These competing conditions lead to most of the additional difficulty in the AE case. 

The proof is simpler when using Holder norms for essentially the same reasons as discussed 
in Remark 15.2.51 Put together, our assumptions are as follows. 

Assumption 6.1.1 (Seed Data Assumption). The seed data {g, r, N, a, r, J) satisfy the con¬ 
ditions 

• {M,g) is a AE manifold, with 6 G (2 —n, 0), allowing no conformal Killing fields. 

• T E and |t| > Cp^~^ > 0. Without loss of generality, assume that r > 0. 

• N-1e 

• a E Thus |cr| < Cr. 

• 0 <r, and r E Thus r < Cr. 

We can now state the main result of this chapter. 

Theorem 6.1.2. Suppose the seed data satisfies Assumption \6.1.1[ Then at least one of the 
following holds: 

• For any asymptotic function u, the conformal constraint eguations fll.3l) admit a solu¬ 
tion (0, W) with 0 > 0 and — u and W in 
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( 6 . 2 ) 


• There exists a (perhaps trivial) solution W G of the limit equation 

div- LW = ao\/l/ k\LW\— — 

2N ov / I i2jY^ 

for some ckq G [0,1]. Furthermore, \W\ < Cand \LW\ < Cfor some C depend¬ 
ent only on g and \\dT Her,- If 

- ^\LWo\‘^ > CT^ (6.3) 

for some c > 0 and for all solutions Wq of the vector equation fll.3bp with J = 0 and 
(f < I, then the solution W of the limit equation is nontrivial, and ao^O. 

The near-CMC condition fl6.3l) is phrased oddly because it is easier to work with later. 
Similar to estimate flS.Sp . 


\\LWo\\co_^ < Cmdrl + J\\co_^ 

< C\\dT\\co_^. (6.4) 

Note that the constant C only depends on g. Thus a sufficient condition for fl6.3p to hold is 
that there exists a C* > 0 depending only on g and N, such that — CUdr IlLo > cr^. 

This is more clearly a near-CMC condition. 

The simpler proof of the limit equation criterion presented in |Ngul4| is based on the 
Schaefer hxed point theorem. 

Theorem 6.1.3 (Schaefer Fixed Point Theorem). Assume that F : X ^ X is a compact 
map on a Banach space, and assume that the set 

K = {x G X : G [0,1] such that x = tF{x)} (6.5) 

is bounded. Then F has a fixed point. 

Let F be the iteration map, as in Chapter^ giving a solution of the Lichnerowicz equation 
with asymptotic function u. Recall that F is a compact map on L°°. We use the Schaefer 
hxed point theorem by setting 

X := {0 G L°° : 3t G [0,1] such that (f = tF{(j))}. (6.6) 

Note that the dehnition of K does not directly mention the asymptotic function of 0. How¬ 
ever, since 0 = tF{(j)), we know that (f — tu E for some t G (0,1]. 


6.2 Convergence of Solutions 

In this section, we show that if K is unbounded, then the limit equation has a solution. 
By conformal covariance, and since > 0, it follows from the prescribed scalar curvature 
theorem 14.3.11 that we can assume without loss of generality that R = The dehnition 
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of K shows that K being unbounded is equivalent to the existence of an unbounded sequence 
with ti G ( 0 , 1 ] solving 

2 

= 0 (6.7a) 

div^Lhh = K{ti(j)iydT + J. (6.7b) 

Lemma 6.2.1. Suppose such a sequence exists. Then there exists a (perhaps trivial) 

solution W G of the limit equation 

1 dr 

di,—LW = a„^\LW\— (6.8) 

for some Oq G [0,1]. Furthermore, \W\ < Cp^ and \LW\ < Cp^~^ for some C dependent 
only on g and IldTlIco . If 

J^|W„|^>CT^ (6.9) 

for some c > 0 and for all solutions Wq of the vector equation fll.3bl) with J = 0 and (f < I, 
then the solution W of the limit equation is nontrivial, and ao^ 0. 


—aAcfi — Kx'^cfi + ^ — 


a +- LWi 

2N 


Proof. We claim the sequence Wi := W (0i) (sub)converges to a solution of the limit equation, 
up to rescaling. In the original proof of the limit equation criterion, the sequence of subcritical 
solutions was renormalized by an energy based on \LWi\ := |Liy(fj0j)|. While this energy 
has some advantages which we discuss below, its use requires proving an estimate of the 
form sup0^ < sup{l, / |LWp}. Despite some effort, we were unable to prove an analogous 
estimate for AE data. The problem is that \LWi\ falls off as r, but the convergence of a 
renormalized \LWi\ is only in a weaker space. It is essentially for this same reason that we 
are only able to prove nontriviality of the solution of the limit equation for near-CMC data. 

Instead of an energy based on |T1W|, we bound sup0j directly. By assumption supcfi —)■ 
cx). Let Tj = sup0j. We start by rescaling the seed data and solutions by certain powers of 
the energy. In particular, we rescale a,r, and W (we do not rescale the metric, N, or 
r) as follows 


), := r; 


- 1 , 


- 3 «? 


+ 1 


w := r-W,, := rrv, y :=Ty ^ r, J, := T^V. 


( 6 . 10 ) 


Then, dividing the conformal constraint equations fl6.7p by certain powers of the energy, and 
substituting in these rescaled quantities, we obtain 

(-aA 0 i - - 

^ i 

div^LW = K,{ti'^iYdT + Ji. ( 6 . 11 b) 

Proceeding, we substantially follow the original proof from |DGH12] . Similar to the 
estimate fl6.4p . 


(Tj + 


2N 


:LWi 


7-9-1 


= 0 , 


( 6 . 11 a) 


c , 


< c\m\dT\ + j\\co_^ 
<CTU\\dT\U +\\J/TyU 


( 6 . 12 ) 
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^te that the constant C only depend^on N, and onr choice oi /3 > a. Conseqnently, 
Wi is nniformly bonnded in and LWi is nniformly bonnded in Using the compact 

Sobolev embedding 12.0.21 a snbseqnence of Wi converges in Cy" for any 5' > 5 to some 
f^oo £ . Thus, in particular, 

IfUool < Cp^ and iLlUool < Cp^-\ (6.13) 


for C dependent only on g, N, and f3. We cannot, however, be certain that Woo ^ 0. 

Heuristically, as z —)■ cxo we wouki^expect all the terms in the rescaled Lichnerowicz 
equation fib.llal) except the and LWi terms to go to zero. Thus, we dehne the function 
0 OO by 


KT 0^ := 


4Ar2 


IWoolV 


OO I Yoo ’ 


which reduces to 


- 

^OO 


\LWo 


(6.14) 


(6.15) 


2Ny/KT 

Comparing expression (16.151) with the rescaled vector constraint equation fl6.11bll . we see 
that if 0j —)■ 0OO in an appropriate space, and if Woo is a solution (in an appropriate sense) 
to the limit of equation (]6.11bll as z ^ oo, then it follows that Woo is a solution to the limit 
So long as 0c 


equation (16.Sh . So long as 0oo is not identically zero, this solution is non-trivial. Therefore, 
we focus on verifying these limits. 

For any e > 0, we claim there is an zq such that if z > Zq that 


10* - 0oo| < ep' 


(6.16) 


If (I6.16|l holds (for small e), it then follows that 0* (poo in C^i for any small e' > 0. Recalling 
the dehnition of (poo from fl6.15p . we let 0+ be any function for which the inequality 


+ ^P^- 


(6.17) 


holds. We claim that 0+ > (pi everywhere for z large enough. Since 0* < 1, it is immediately 
clear that tins is true except on a compact set depending only on e. On that compact set, we 
claim that 0+ is a (pointwise) supersolution of the rescaled Lichnerowicz equation (16.1 lap 
for all z is large enough. 

Multiplying the rescaled Lichnerowicz equation (16.flap by 0+^^, we need to verify the 
inequality 



pg-2 


aA0+ — Kr^0+j + zcr^0^^ > 


(T + 


2N 


-LWi 




Since, by dehnition. 





(6.18) 
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(6.19) 


























inequality fl6.18p is satisfied provided that 


ki+^ 


rr 


32 ( — 


+ I 2 A 


2q 


> 


(j{ - LWi 

2N 


2N 


( 6 . 20 ) 


Recalling that LWi —t LW^o, we readily verify that all of the terms in equation fl6.20p 
go to zero pointwise as i —)■ oo except for the e term. Thus for any hxed compact set, there 
exists an zq such that for all z > Zqj 0 + is a pointwise supersolution on that compact set. 

We^want to use the sub and supersolution theorem to prove that 0+ > 0* for large z. 
Since 0+ is only a supersolution on a compact set, we cannot use the sub and supersolution 
theorem on AE manifolds 12.1.71 However, in the complement of the compact set < 1}, 
we know 0+ > 0*. Thus we can use the sub and supersolution theorem on compact manifolds 
with boundary (cf. |Dill4] i to hnd a solution of (16.1 lap less than 0+ on that compact set. 
(For convenience, we can use for the subsolution. It is a global subsolution for any 

a < 1, independent of e.) Since such solutions are unique, it must be 0*. Thus we obtain 
the pointwise inequality _ _ _ 

0i < 0+ < 0OO + (6.21) 

everywhere on M. 

We prove a similar (subsolution type) result for any function 0_ satisfying 


ep*^ < 0 - < 


2 ^ 


( 6 . 22 ) 


Since 0, > 0, we only need to show that 0_ is a subsolution of the Lichnerowicz equation 
where 0_ is positive. The proof follows similarly, using 0+ as our supersolution. We thus 
have ^ ^ 

0i > 0OO - ep" (6.23) 

for large enough z. _ _ 

Using the two inequalities (I6.2ip and (I6.23p . we conclude that 0, —)■ 0oo in U°/ for any 
e' > 0. This implies that cj)jdT —)■ in Also, a subsequence of tj converges to 

a number oq G [0,1]. Thus W —)■ Woo in W^f^, for e' < —5/q. The Woo weakly satisfies 


O.a 


Since 


the limit equation (16.8p . Since the right hand side of the limit equation is in 
LWoo G we can conclude by Proposition 12.1.11 that Woo G Cg’°‘. 

Our only remaining task is to verify that Woo ^ 0 in the near-CMC case. In this case, 
if tto = 0, any solution of the limit equation is a conformal Killing field, which implies that 
lUoo = 0, a contradiction (cf. Proposition 12 .1 .4p . To show that Woo is not trivial, we repeat 
the previous argurnent with a few changes. This implies that Woo ^ 0. 

Assume that TIToo = 0, which by dehnition implies that 0oo = O.^Let 0+ be a constant 
less than 1. We can derive the equivalent of equation (I6.20p for this 0+, namely 


r? 


Q +2 

32 ^'^^0+ + Kr^0+ > 


<ji — LWj^ 

2N 




(6.24) 
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We note that as i —)■ oo, the J term in equation fl6.12p goes to zero. Thus, by our near-CMC 
assumption, 

for large enough i, 0+ sufficiently close to 1, and some small c > 0. The other terms in (16.24^ 
go to zero in C2S-2) cind so for i large enough, fl6.24p holds on all of M. 

Using the sub and supersolution theorem on AE manifolds, we can deduce 

4>i ^ 4>+ < 1 - (6.26) 

Since (pi = 1 somewhere, this is a contradiction. □ 

The main result is now easily proved. 

Proof of Theorem \6.1.2[ Let F be the iteration map, as in Chapter |5l giving a solution of 
the Lichnerowicz equation with asymptotic function u. Let 

K := {(p G L°° : 3t G [0,1] such that (p = tF{(p)} (6.27) 

If K is bounded, then the Schaefer fixed point theorem 16.1.31 gives a solution to the 

conformal constraint equations. If K is unbounded. Lemma 16.2.11 shows the limit equation 
has a solution. □ 

We now make a number of remarks on the proof of Lemma [6.2. 11 which is the heart of the 
limit equation criterion. On compact manifolds, it is easy to show that cpoo is nontrivial. By 
dehnition, = 1 at some point Pi, and since M is compact, the Pi converge to some point 
Poo- Since the (pi converge in we have (pooiPoc) = 1, and so (poo and Woo are nontrivial. 
On AE manifolds, this argument breaks down at two points. First, since M is noncompact, 
the points pi may wander off to inhnity. Indeed, if they were contained on a compact set, 
then the (pi would converge to a nontrivial (poo in a similar fashion. Second, we are only^able 
to show that (pi converges to (poo in for e' > 0 , and thus Wi only converges to Woo in 
In particular, if Woo were trivial, |LWjp converges to zero only in C 2 s_ 2 + 2 e'q-: 
so we can only show the inequality fl6.24p on compact sets, unless we make the near-CMC 
assumption that we did. Fixing either of these two points would show that the solution to 
the limit equation is nontrivial. 

Another idea, as discussed above, is to use some relative of ||LITj ||2 as the energy. If 
LWi converges in that norm, then ||LWoo ||2 would be 1, and thus nontrivial. This type of 
argument works in the compact case, and is in fact what Dahl, Gicquaud, and Humbert 
originally did in |DGH12] . Unfortunately, proving convergence of the (pi requires an estimate 
related to sup0^ < Cmax{||LIUj|| 2 , !}• We have tried to prove such an estimate for AE 
manifolds, but were unable to do so. The problem is, again, that |LIUj| and r have the same 
falloff at inhnity. 

One possible reason why the proof of the limit equation criterion for AE manifolds has 
proven difficult is its relationship with asymptotic functions. The limit equation criterion 
16.1.21 as long as the limit equation has no solutions, gives a solution for any asymptotic 
constant. In chapter O however, except in the near-CMC case, our proof strongly depends 


(Ti ——LWi 

2N 


> CT^ 


(6.25) 
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on the asymptotic function being sufficiently small. Using the rescaling of Proposition 15.2.61 
the asymptotic function is allowed to be larger, as long as r scaled towards zero, a kind of 
near-CMC condition. Thus, perhaps, the limit equation criterion for more arbitrary r may 
be easier to prove as long as the asymptotic function is sufficiently small. Unfortunately, we 
were also unable to leverage this idea. 

We can use a modihcation of the argument in Lemma r6.2.1l to show that if r is sufficiently 
near-CMC, then the conformal constraint equations have a solution. 


Proposition 6.2.2. If 


KT 


2q 


4Ar2 


\LWo\^ > CT^ 


(6.28) 


for some c > 0 and all solutions Wq of the vector equation fll.3bp with J = 0 and (f < I, 
then the conformal constraint equations have a solution as in Theorem \6.1.‘A 


Proof. Suppose r satishes (I6.28p . Let K be as in (I6.27p . Suppose K is unbounded. Then 
we can proceed as in the proof of Lemma 16.2.11 

Let Woo and 0oo be constructed as in the proof of Lemma 16.2.11 Then, using, (foo to 
dehne Wq, condition fl6.28l) reduces to 



iPfUooP 


< 



(6.29) 


for some small e > 0. In particular, cfoo is bounded above by a number strictly less than 1/2. 
Let 0+ be a constant function such that 0oo + | < 0+ < 1 < 0oo + 1- 
Using the near-CMC condition fl6.28p . 0+ > 0* everywhere, as is shown in the proof of 
Lemma 16.2.11 But 0* = 1 somewhere and 0+ < 1. This is a contradiction, so for such r, 
K must be bounded. Thus the Schaefer hxed point theorem 16.1.31 gives a solution to the 
conformal constraint equations. □ 


As discussed in the introduction of this chapter, since the limit equation criterion has 
only been applied in the near-CMC case, it might seem reasonable to assume that — 
> cr^. Unfortunately, we can show that r cannot be arbitrarily near-CMC, in 
the sense that there are constants C > 0 sufficiently large such that no r > satishes the 
related inequality — C||(ir||^o > cr^. This makes it very difficult to verify that the 

near-CMC condition in the limit equation criterion 16.1.21 or Proposition 16.2.21 is fulhlled. 

Proposition 6.2.3. There is a constant C > 0 sufficiently large such that for any C > 0, 
no T satisfying r > Calso satisfies 

— C||(ir||^o > 0. (6.30) 

Proof. Suppose to the contrary that there are r* such that, after scaling, r* > p^~^ and 
IMullc^ 2 ^ Using the Poincare inequality 12.0.31 for p G {n/2,n), we have 

||p||p,i—n/p ^ U*IIdTjlip^ C*||dTj||(^o ^ C—. (6.31) 

d-.! ^ 

This contradicts the fact that > p^~^. □ 
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Chapter 7 

ADM Mass and the Asymptotic 
Function 


O Murchadha [OMOSj showed that, in the compact, CMC case, the volume of the solution to 
the conformal constraint equations fll.Sp is monotonically related to the constant curvature 
r. In particular, instead of specifying a constant r, one could equivalently specify the volume 
of the solution manifold. 

In the asymptotically Euclidean case, r must vanish at inhnity, and so there is only one 
choice for constant r, r = 0. However, there is a new “constant” that one may specify, the 
asymptotic function. An AE manifold does not have (hnite) volume, but it seems logical to 
ask what, if anything, the choice of asymptotic function controls. In analog to volume for 
the compact case, the ADM mass is a natural candidate. 

In general relativity, it is very difficult to dehne the mass of a non-isolated object, such 
as a star. However, there are good dehnitions for the mass of an entire system. One such 
dehnition is the ADM mass, a metric invariant for AE manifolds hrst described by Arnowitt, 
Deser, and Misner in [ADMGlj . This mass describes the total mass of all matter in the AE 
manifold, as measured by the mass’s effects on the asymptotics of the metric. The usual 
dehnition for the ADM mass is 


M 


ADM 


{ 9 )-- = 


IGtT t^oo 


lim V / ( 




(7.1) 


where St is the Euclidean coordinate sphere of radius t on an end, z/| is the Euclidean unit 
normal to St and dS^ is the Euclidean spherical volume element. Bartnik |Bar 86 j showed 
that the ADM mass is independent of the choice of Euclidean coordinates. As expected, for 
Euclidean space, the ADM mass is zero. For the Schwarzschild family of solutions, the mass 
is exactly the standard mass parameter M. 

If g does not fall off to the Euclidean metric e fast enough, the mass may not exist. For 
this reason, we assume that 6 < 1 — n/2 for this chapter. If is a AE metric, then 
Madm{9 ) exists. Also, since the mass is dependent on only one end of the AE manifold, 
we ignore the other ends, and use an asymptotic constant c instead of the more general 
asymptotic function u. This makes no difference in our calculations below. 

Suppose (j) — c ■.= f E . Let 'g = as usual. In order to calculate the mass, we 

have to use coordinates such that ^ e in those coordinates. If c 7 ^ 1, this means we must 
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scale the coordinates. Let x* be the Euclidean coordinates for g. Let x* = ^xL Then, 
denoting ^ in x coordinates as g, we have 


g^jdlfdx^ = g^jC^ '^dx^dx^ = gijdx'^dx^ = (f)^ '^gijdx^dx^. (7.2) 

Thus, as functions on M (not as tensors), g^^ = {(p/cY~‘^gij. 

Let e be the Euclidean metric in the x coordinates. Then dS-g = and 

H Finally, since we are integrating over spheres, tracing with z/| picks the 

radial component. Since the radial direction is the same for both metrics, the scaling of the 
derivatives/metric takes care of this term. 

Combining these facts, we have 


M 


ADM 


{ 9 ) = 


giij)^idSe 
9 St 


Ibvr t-tco 

Jq/2-l){n-2) 


IbTT 


L ii4>/cy ^git) . 


'St 


v^dSe 


(7.3) 

(7.4) 


Using (g/2 — 1)(?7, — 2) = 2 and {(p/cY ^ = 1 + (g — 2)//c + L.O.T., and ignoring the lower 
order terms, which vanish in the limit, we hnd 

Madm{9) = c^Madm{9) + lim V] [ [gijf,i - gufj] v^dSe (7.5) 

= c^Madm{9) + — —77 ^-—— lim [ drfdS^, (7.6) 

lOTT t—¥oo J 

where dr is the Euclidean radial derivative. 

Starting with seed data, the Lichnerowicz equation fll.3ap implies that A0 G . 
Applying integration by parts. 




VtCPvldSg. 


If f —)■ oo, we can drop lower order terms, and thus 



lim 

t—)-oo 



dr(pdS(.. 


Thus 


Madm{.9) 


9 / X c(g — 2)(?7, — 1) f 

c^^ADuig) H- rt - / -aA^idVg. 

Ibra 


(7.7) 


(7.8) 


(7.9) 


7.1 Model Problem 

We now discuss a (relatively) simple model problem. Assume we have seed data with reg¬ 
ularity as in Assumption 13.11 with p > n. Let r = 0, i.e., the CMC case. In this case, the 
metric g must be Yamabe positive in order for the Lichnerowicz equation (ll.3al) to have a 
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solution, and so, without loss of generality, we may assume that R = 0. For simplicity, we 
also assume that r = 0 and J = 0. Also, since dr = 0, we know LW = 0. We ignore the 
degenerate case a = 0. Thus the conformal constraint equations reduce to a single equation, 

- aA(j) - (7.10) 

Let 0c be the solution to (I7.inp such that (f)c — c ^ ^s ’^- Such solutions exist for all c by 
Theorem 13.0.91 We hrst prove a lemma. 

Lemma 7.1.1. Let r] = 25 — A + n. There exists a positive solution u G W‘^f 2 of 

- aAu -p^ = 0 (7.11) 

such that Cop^~'^ <u< Cip^^'^. 

Proof. Note that p G {—n, —2) since 5 G (2 — n, 1 — n/2). Thus Proposition 12.1.11 shows that 
A : hF ^+2 is an isomorphism, and so there exists a solution u G lF ^+2 of 

- aAu - = 0 (7.12) 

such that u < Cp^^'^. The maximum principle 12 .1.2 1 shows that u is positive. 

We claim that u > Cp‘^~^ for some C* > 0. A straightforward extension of |Bar86j shows 
that A : M I—)■ {Au,u\dEii) is an isomorphism between the spaces Wg’^{E]i) —)■ L^{Epi) x 
W‘^~^^^’^{dEji), where Eji is the exterior of the ball of radius R in the end. Using this result, 
we can also extend the sub and supersolution theorem 12.1.71 to allow (smooth) internal 
boundaries with Dirichlet boundary data. 

Let V G be the unique solution of 

Av = 0 on Er and n = 1 on OEr. (7-13) 

Clearly, for small enough a > 0, an is a subsolution to (17.121) on Er. Since u is a solution, 
and thus a supersolution, the extension of the sub and supersolution theorem shows that 
u > av. 

We claim that v > Cp^~'^ for some C* > 0, which completes the proof. Consider the 
functions v± = a±(C±p^“" =F p2-n+<5/2^ appropriately chosen constants a+,, a_, C+, and 
C_. We claim that the functions v± are respectively super and subsolutions of the boundary 
value problem fl7.13p . Indeed, using the decomposition 

A = Ac + (7.14) 

and the fact that C Cj, it is clear that Ap^“” = 0(p“"'+‘^) since AeP^~"‘ = 0. (Recall 
that p is the radial coordinate sufficiently far out on each end.) We similarly get that 
Ap2-n+(5/2 _ (9(p-^+'5/2^_ This is the highest order term that remains. Then, because of 
this term’s sign, it eventually dominates, making v± a super or subsolution. Finally, a± can 
be made large or small to ensure the boundary condition falls between v±. Again using the 
extension of the sub and supersolution theorem, along with the fact that A is an isomorphism, 
n_ < V < v±, and so n > Cp‘^~'^, as claimed. □ 
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We now list a number of properties of the solutions (pc of the reduced Lichnerowicz 
equation fl7.1UI) and their derivatives, 5pc '■= 

Proposition 7.1.2 (Properties of pc)- The function pc satisfies 

c < pc < c~‘^^'^C 2 U + c, (7-15) 

for some C 2 > 0 independent of c. Also, 

0 < 01 - 1 < 0c (7.16) 

for all 0 0. Finally, 

sup |o, - 0c) + l| < 50c < 1. (7.17) 

In particular, as c ^ 00 , pc ^ c and 6pc —)■ 1. 

Proof. First, note that c is a subsolution for fl7.10l) . We claim that c~^l‘^C 2 U + c is a super¬ 
solution for fl7.10l) for some (72 > 0 independent of c. Note that c < c~^l‘^Cu F c since m > 0, 
and so the sub and supersolution theorem 12.1.71 combined with the uniqueness of solutions 
of the Lichnerowicz equation from Theorem 13.0.111 shows that c < 0c < c~^l‘^C 2 U F c. 

For c~^/‘^C 2 U -|- c to be a supersolution to the reduced Lichnerowicz equation fl7.10p . we 
must show 

- a/A{c-‘^/‘^Cu + c) - \aWc-‘^/‘^Cu + > 0. (7.18) 

Using lap < and <u< where p = 25 — AF n, this reduces to 

c—q/2C2P^ > |crp(c“'^^^C2M-I-(7.19) 
U2C'oC-''/2-ip2-n ^ ^ (7.20) 

For some C 2 large enough, independent of c, this is true, and so c~‘^/‘^C 2 uFc is a supersolution. 
The calculation to show this is long and unenlightening, so we do not include it. Essentially, 
the 1 bounds the right hand side if p and/or c are large, while the other term bounds the 
right hand side if p and/or c are small. 

Note that pc — c E and that —aA{pc — c) >0. Since pc > c and pc ^ c, by the 
strong maximum principle 12.1.31 0c — c > 0, and so pc > c. 

A quick calculation shows that 0i — l-|-e is a subsolution to fl7.10p for any 0 < e < 1. Using 
0c as a supersolution, the sub and supersolution theorem 12.1.71 combined with uniqueness 
from Theorem 13 .U. 11 1 show that 0c > 0i — 1 + e. Letting e —)■ 0, we have 0c > 0i — 1 > 0. 
Taking the variation of fl7.10|) . we hnd that 50c satishes 

(-aA + (g + 1) |ap0c"‘'”")<50c = 0. (7.21) 

Since pc changes at a rate of one near inhnity, we require 50c —)■ 1 at inhnity. By Proposition 
12.1.41 50c — 1 G Then, since (—aA -|- (g -|- l)|ap0“'^“^)(50c — 1) < 0, the maximum 

principle 12.1.21 shows that 50c — 1 < 0, and so 50c < 1. 

To show that 50c > 0, note that for c' > c, pc' is a supersolution for pc, i.e., for the 
reduced Lichnerowicz equation 07.101) . Thus pc is nondecreasing, and so 50c > 0. 
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We claim that — (pc) + 1 is a subsolution of fl7.21l) . which then implies that it is a 

lower bound for 6 (pc. Indeed, 


(-aA + (g + l)|a|Vc'' 


g + 1 
c 


(c — (pc) + 1 



< 0 


since (pc > c. 


i±i(, + 2) + (i±Ai±^ 


(7.22) 

□ 


With those properties of (pc, we can now understand how the integral term in fl7.9l) behaves 
as c —?• 0 or c —)■ oo. In this model problem, the integral term, modulo a constant, becomes 

Proposition 7.1.3. For all c large enough, the integral term in fl7.9p strictly decreases and 
approaches 0 as c ^ oo. 

If a has compact support, the integral term goes to zero as c ^ 0. 

If A C'p” for some a > -^^5 — and C > 0, the integral term becomes unbounded 
as c ^ 0. 


Remark 7.1.4. The lower bound on a need not hold on all of M. Indeed, it is sufficient 
for a to be bounded below only on some wedge of positive angle, perhaps far out on the end. 
Also, note that, fora = 26 — 2, the ineguality for a reduces to 5 < l—n/2 , which was already 
assumed. Finally, note that the 6 from the lower bound on a is the 5 G (2 — n, 0) from the 
ineguality |crp < . In particular, the result can hold even if a falls off faster than the 

metric. 


Proof. For all c, 

0 < c [ \a\‘^(pZ'^~^ < c~‘^ [ |cr| 

J M J M 

and so the integral term approaches zero as c —)■ cxo. 

The derivative of the mass as a function of c is 


(7.23) 


dc 


AlADMig) — 2cMADM{g) + C'o 


CT 




1 - (g+ l)—6(pc 


(7.24) 


Since c/(pc ^ 1 and 6(pc —t 1 uniformly in c, the integrand in fl7.24p is negative for large c. 
Thus the integral term decreases monotonically for all c large enough. 

Suppose a has compact support. Then 


c [ W\‘^4>c'' / |ct|^(0i — 1) ^ ^ (7.25) 

J M J M 

Since — 1 > 0 and a has compact support, the integral term is hnite. Thus, as c —)■ 0, the 
integral term of the mass fl7.9p vanishes. 

Suppose that |cTp > (Tp® for some a > and (7 > 0. Recall that by Equation 

fl7.15p and Lemma 17.1.11 (pc < + c, where rj := 26 — A + n. 
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Dropping all constants not depending on c, one has on an end E, 


lu 




P 


,OL-\-n—l 


Ie + C)1+^ 


dpda 


„ 1 I (l + g/2)(Q:+n) 

= c ^ ^ 77+2 


^o+n—1 


+ r’’?+2')9+i 


dr 


(7.26) 

(7.27) 


The first line is true for some integration form da. For the second line, we pulled out c’s 

l+g/2 

and used the substitution p = rc , and integrated out the da. Since the hnal integral 
converges as c —)■ 0, we may bound it by a constant. Thus, 



a\^(j)-'^-^dV > C'oc"‘^”^+ 


{l + q/2){a+n) 
17 + 2 


(7.28) 


If —g — 1 + < — 1, then the integral term of the mass 07.91) blows up as c 0. 

Using ?7 = 25 — 4 + n, this condition reduces to a > This establishes the hnal 

claim of the proposition. □ 


While the original hope was that mass and asymptotic constants were in one to one corres¬ 
pondence, Proposition 17.1.31 unfortunately shows that this is not the case. If Madm^q) = 0, 
and there are a which have compact support, then for those cr, the mass is not a monotonic 
function of c. For any positive mass, since c^MADM{g) is zero as c —)• 0 and unbounded 
as c —)■ oo, for a which do not fall off very quickly, the mass is again not monotonic as a 
function of c. 
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